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Abstract 

For KG (0,4], a family of annulus SLE(k; A) processes were introduced in [14] to prove 
the reversibility of whole-plane SLE(k). In this paper we prove that those annulus SLE(k; A) 
processes satisfy a restriction property, which is similar to that for chordal SLE(k). Using 
this property, we construct n > 2 curves crossing an annulus such that, when any n — 1 
curves are given, the last curve is a chordal SLE(k) trace. 

1 Introduction 

Oded Schramm's SLE process generates a family of random curves that grow in plane domains. 
The evolution is described by the classical Loewner differential equation with the driving func- 
tion being y/RB{t), where B{t) is a standard Brownian motion and At is a positive parameter. 
SLE behaves differently for different value of k. We use SLE(«;) to emphasize the parameter. 
See [1] and [8] for the fundamental properties of SLE. 

There are several versions of SLE, among which chordal SLE and radial SLE are most well 
known. They describe random curves that grow in simply connected domains. A number of 
statistical physics models in simply connected domains have been proved to converge in their 
scaling limits to chordal or radial SLE with different parameters. 

People have been working on extending SLE to general plane domains. A version of SLE 
in doubly connected domains, called annulus SLE, was introduced in [TT]. The definition uses 
annulus Loewner equation, in which the Poisson kernel function is used for the vector field, 
and the driving function is still y/KB{t). Annulus SLE(2) turns out to be the scaling limit of 
loop-erased random walk in doubly connected domains. In fact, loop-erased random walk in 
any finitely connected plane domain converges to some SLE(2)-type curve (c.f. [13j). 

Annulus SLE defined in [11] generates a trace in a doubly connected domain that starts 
from a marked boundary point and ends at a random point on the other boundary component 
(c.f. [E])- This is different from the behavior of chordal SLE or radial SLE, whose trace ends 
at a fixed boundary point or interior point. The reason of this phenomena is that the definition 
of annulus SLE does not specify any point other than the initial point. 

The annulus SLE(k; A) process was defined in [l^ to describe SLE in doubly connected 
domains with one marked boundary point other than the initial point. Here the A is a function. 



and the marked boundary point may or may not lie on the same boundary component as the 
initial point. The definition uses annulus Loewner equation with the driving function equal to 
y/RBit) plus some drift function. And the derivative of the drift function at any time is equal 
to the A valued at the conformal type of the remaining domain together with the marked point 
and the tip of the SLE curve at that time. 

There is very little restriction on the function A in the above definition. For any k G (0,4], 
there is a family of particular functions A^.^^^, s E M, such that the annulus SLE(k; A^.^^^) 
process satisfies the remarkable reversibility properties as follows. Suppose Z) is a doubly con- 
nected domain, and zq^wq are two boundary points that lie on different boundary components. 
Let /3 be an annulus SLE(k; A^.^g^) trace in D that grows from zq with wq as the marked point. 
Then almost surely (3 ends at wq, and the time-reversal of /? is a time-change of an annulus 
SLE(k; A^.^_5^) trace in D that grows from wq with zq as the marked point. This property was 
used ([14]) to prove the reversibility of whole-plane SLE(k) process for k € (0,4]. 

In this paper we study the restriction property of the annulus SLE(fi;; ^^k\{s)) process. We use 
/^loop denote the Brownian loop measure defined in [6], which is a cr-finite infinite measure 
on the space of loops, and define 

c = c(k)=('-")('"-'^ (1.1) 

It is well known that c is the central change for SLE(k). Set Ap = {e~^ < \z\ < 1}, T = {\z\ = 1} 
and Tp = {\z\ = e~^}. We will prove the following two theorems. 

Theorem 1.1 Let p > 0, k G (0,4], s G M, £ T and wq G Tp. Let v he the distribution of 
an annulus SLE{k,; Ai^.(^g^) trace in Ap started from zq with marked point wq. Let L C Ap be 
such that Ap\L is a doubly connected domain and dist(L, {zq, Tp}) > 0. Define a probability 
measure vl by 

^ = ^^exp(c(.)^,,,^[£.,p]), (1.2) 

where /3 is the SLE trace, C^^p is the set of all loops in Ap that intersect both L and /3, and 
Z > is a normalization factor. Then is the distribution of a time-change of an annulus 
SLE[k] A^.^s^) trace in Ap\L started from zq with marked point wq. 

Theorem 1.2 Let p, k, s, zqjWqjI' be as in Theorem li.ii Let L C Ap be such that Ap\L is 
a simply connected domain, and dist{L,{zo,wo}) > 0. Define ul by Then vl is the 

distribution of a time-change of a chordal SLE{k) trace in Ap\L from zq to wq. 

If K = |, then c = 0. The above two theorems imply that, if we condition an annulus 
SLE(|, Ag.^^^) trace in Ap to avoid some set L, then the the resulting curve is a time-change of 

an annulus SLE(|, A^.^^^) or chordal SLE(|) trace in Ap\L. This is similar to the restriction 

property of chordal or radial SLE(|) ([5])- If G (0, |), then c < 0, and the strong restriction 
property does not hold. But we may use the argument in [5] to attach Brownian loops in Ap 
with density — c to the trace to get a random shape with the restriction property. 
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The paper is organized as follows. We introduce notation, symbols and definitions in Section 
[21 Section [3] and Section [H The proof of Theorem 11.11 is started at Section [5l and finished at 
the end of Section [71 The argument introduced in [5] is used. In Section [8l we give a sketch of 
the proof of Theorem 11.21 s-nd use Theorem 11.21 to prove Theorem 18.11 which generates n > 2 
mutually disjoint random curves crossing an annulus such that conditioned on all but one trace, 
the remaining trace is a chordal SLE(k) trace. We believe that, in the case n = 2, if the inner 
circle of the annulus shrinks to a single point, then the two curves tend to the two arms of a 
two-sided radial SLE(k) (c.f. [H) in the disc. This may be used to understand the microscopic 
behavior of an SLE(k;) trace near a typical point on this trace. 

2 Preliminary 

2.1 Symbols and notation 

We will frequently use functions cot(z/2), tan(2;/2), coth(z/2), tanh(z/2), sin(z/2), cos(z/2), 
sinh(z/2), and cosh(2;/2). For simplicity, we write 2 as a subscript. For example, cot2(-z) means 
cot(z/2), and cot2(z) = — ^sin^^(z). 

Let T = {z G C : \z\ = 1}. For p > 0, let Ap = {2 G C : 1 > |z| > 6"^}, = {2 G C : < 
Imz < p}, Tp = {z G C : \z\ = e~P}, and Mp = {z G C : Imz = p]. Then (9Ap = T U Tp and 
9Sp = M U Mp. Let e* denote the map z 1— ?■ e*^. Then e* is a covering map from Sp onto Ap, 
maps M onto T and maps Mp onto Tp. 

A subset of a simply connected domain D is called a hull in Z) if D \ is a simply 
connected domain. A subset of a doubly connected domain D is called a hull m. D \i D\K 
is a doubly connected domain, and K is bounded away from a boundary component ol D. In 
this case, we define cap£)(K) := mod(L') — mod(Z) \ K) to be the capacity of K in D, where 
mod(-) is the modulus of a doubly connected domain. We have < ca,Y>£){K) < mod{D), where 
the equality holds iS K = 9. For example, the L in Theorem 11.11 is a hull in Ap. 

We say a set K C C has period p G C if p+K = K. We say that a function / has progressive 
period (pi;p2) if /(• ipi) = / ip2- In this case, the definition domain of / has period pi, and 
the range of / has period p2- 

An increasing function in this paper will always be strictly increasing. For a real interval 
J, we use C{J) to denote the space of real continuous functions on J. The maximal solution 
to an ODE or SDE with initial value is the solution with the biggest definition domain. 

A conformal map in this paper is an injective analytic function. We say that / maps Di 

Conf 

conformally onto D2, and write / : Di D2, if / is a conformal map defined on the domain 
Di and f{Di) = D2- If, in addition, for j = 1, 2, Cj is a point or a set in D or on dD, and / or 

Conf 

its continuation maps ci onto C2, then we write / : (Di;ci) — » (-02! C2). 

Throughout this paper, a Brownian motion means a standard one-dimensional Brownian 
motion, and B{t), < t < 00, will always be used to denote a Brownian motion. This means 
that B{t) is continuous, B{0) = 0, and B{t) has independent increment with B{t) — B{s) ~ 
J\f{0, t - s) ioT t > s > 0. 
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Many functions in this paper depend on two variables. The first variable represents time or 
modulus, and the second variable does not. We use dt and 5" to denote the partial derivatives 
w.r.t. the first variable, and use and the superscripts [h) to denote the partial derivatives 
w.r.t. the second variable. 



2.2 Special functions 

For t > 0, define 

s(t,z)= lim V £!!^ = p.v.V''" + ' 



M 



k=-M 2\n 

^ pTlt _|_ iz ^ 

Hit, z) = -iS{t, e'{z)) = -i P. V. -;^t^z = P- V- cot2(^ - int). 

2\n 2\n 

Then H(t, •) is a meromorphic function in C, whose poles are {2rmi + i2kt : rrijk & Z}, which 
are all simple poles with residue 2. Moreover, H(t, •) is an odd function and takes real values 
on R \ {poles}; ImH(t, •) = — 1 on R^; H(t, ■) has period 27r and progressive period {i2t; —2i). 
Let r(i) G R be such that the power series expansion of H(t, •) near is 

U{t,z) = ^ + r{t)z + Oiz^), (2.1) 

Let Si{t,z) = S(t,e-*z) - 1 and H/(t,z) = -iS/(t,e*^) = H(t,z + it) + i. It is easy to 
check: 

Si{t, z) = P. V. ^ Uj{t, z) = P. V. cot2(z - int). 

2\n 2\n 

So H/(i, •) is a meromorphic function in C with poles {2m7r + i{2k + l)t : m,k £ Z}, which are 
all simple poles with residue 2; tli{t, ■) is an odd function and takes real values on M; Hj-(t, •) 
has period 27r and progressive period {i2t; —2i). 

It is possible to express H and H/ using classical functions. Let 9{i',t) and ^^(i^, r), k = 
1,2,3, be the Jacobi theta functions defined in [1]. Define Q{t,z) = 9{-^,^) and 0/(i,z) = 
^2(^, )■ Then @{t, ■) has antiperiod 27r, 6/(t, •) has period 27r, and 

P)' <r)' 

H = 2-, H, = 2^. (2.2) 
It is useful to rescale the special functions. Let 



e(*,.) = .^(-j e(-,-.j, e,(t,.) = .^(-j e^-.-.j. (2.3) 

From the Jacobi identities, we have &{t,z) = 6{i^,^) = Q{t,iz) and Qi{t,z) = 0i{i^,^)- 
From the product representations of 61, we get 

00 

@i{t, z) = 2e-3 cosh2(z) n (1 - e"^"*)(l + e"-2'"*)(l + e-^-^*"*). (2.4) 

m=l 
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Let H = 2 and H/ = 2 Si. From and I^M we have 



H(M) = ^H^-,-.J+-. H,(M) = ^H4-.-.J + -. (2.5) 

Since Q{t, z) = @{t, iz) and H/(t, z) = H(t, z + it) + i, we have 

H(t, z) = iH(t, iz) = P. V. ^ coth2(z - nt); (2.6) 

2|n 

H/(t,z) =H(t,z + 7ri) = P. V. ^tanh2(z - nt). (2.7) 

2|n 

Prom ()2.6p . the power series expansion of H(t, •) near is 

U{t,z) = ^+?{t)z + Oiz^), (2.8) 

where r{t) := — Yl'k^=i sinh~^(/ct) + | = 0(e~*) + g as t — t- oo. Hence we may define 

f°° 1 

R(t) = - / (r(s) - -)ds, < t < oo. (2.9) 

Then R is positive and decreasing as r — | < 0. From ()2.ip . ()2.5p . and ()2.8p . we have 

= (^)%f^!) + i. (2.10) 



3 Loewner equations 

3.1 Annulus Loewner equation 

The annulus Loewner equations are defined in [11]. Fix p E (0,oo) and T G (0,p]. Let 
G C([0,T)). The annulus Loewner equation of modulus p driven by is 

dtg{t,z)=g{t,z)S{p-t,g{t,z)/e'^^'y), g{0,z) = z. 

For < t < T, let K{t) denote the set of z G Ap such that the solution g{s, z) blows up 
before or at time t. Then each K{t) is a hull in Ap, cap_4^(i^(t)) = t, and g{t, •) maps Ap \ K[t) 
conformally onto Ap„t, and maps Tp onto Tp_t. We call K[t) and g{t, ■), < t < T, the annulus 
Loewner hulls and maps of modulus p driven by 

It is known that, if ^ is a semi-martingale whose stochastic part is y/KB(t)^ and whose drift 
part is continuously differentiable, then ^ generates an annulus Loewner trace /3 of modulus p, 
which means that 

m--= lim o(t,.)"^(^) (3.1) 

Ap_t9z-i-e*«(') 
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exists for all < t < T, and /3 is a continuous simple curve in Ap U T with /3(0) = e'^'^'') € T. 
If K G (0,4], then /3 is simple and /3((0,T)) C Ap. In this case, K{t) = /3((0,t]) for < t < T, 
and we say that /? is parameterized by its capacity in Ap w.r.t. Tp, i.e., cap^^ (/3((0,t])) = t for 
< i < T. 

On the other hand, if /3(t), < t < T, is a simple curve with /3(0) G T, /3{{0,T)) C Ap, 
and if /3 is parameterized by its capacity in Ap w.r.t. Tp, then /3 is a simple annulus Loewner 
trace of modulus p driven by some ^ G C([0, T)). If /3 is not parameterized by its capacity, 
then /3{v-^{t)), < t < v{T), is an annulus Loewner trace of modulus p, where v{t) := 
capA^(/3((0, i])) is an increasing function with v{0) = 0. 

3.2 Covering annulus Loewner equation 

The covering annulus Loewner equation of modulus p driven by ^ G C([0, T)) is 

dtg{t,z) = U{p-t,g{t,z)-^{t)), g{0,z) = z. (3.2) 

For < t < T, let K{t) denote the set of z G Sp such that the solution g{s, z) blows up before 
or at time t. Then for < t < T, 

g{t, ■) : (Sp \ K{t);^p) (Sp_t; Mp_t). (3.3) 

We call K{t) and g{t, •), < t < T, the covering annulus Loewner hulls and maps of modulus 
p driven by 

The relation between the covering annulus Loewner equation and the annulus Loewner 
equation is as follows. Let K{t) and g{t, ■) be the annulus Loewner hulls and maps of modulus 
p driven by ^. Then we have K{t) = (e*)~^(K(t)) and e* og[t, •) = g{t, •) o e*, < t < T. Thus, 
K{t) has period 27r, and g{t, •) has progressive period {2tt;2tt). 

If 1^ generates an annulus Loewner trace /3 defined by ()3.ip , then there is a continuous simple 
curve /3(t), < t < T, which is defined by 

^(t) = lim g{t,-)~^{z), 0<t<T. (3.4) 

Sp-t9^-i>?(t) 

Such (3 is called the covering annulus Loewner trace of modulus p driven by ^, and satisfies 
that /3 = o ^ and ^5(0) = ^(0). If f3 is simple with /3((0,T)) C Ap, then ^ is also simple, 
MiO,T)) C Sp, and K{t) = ^{{0,1]) + 27rZ, < t < T. 

Since g{t, •) maps Mp onto Mp_t and H/(t, z) = H(t, z + it) + i, we have 

dtReg{t,z) =-ai{p-t,Reg{t,z) -^{t)), z G Mp. (3.5) 

Differentiating (j3.5p w.r.t. z, we see that 

at5'(i,z) =5'(t,z)H^(p-t,Reg(t,z) -^(t)), z G Mp. (3.6) 

Since S{p — t,-) and H(p — t, •) have period 27r, for any n G Z, ^ and ^ + 2mT generate the 
same family of annulus Loewner maps and the same family of covering annulus Loewner maps. 
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3.3 Strip Loewner evolution 

Strip Loewner equations will be used in Section [Sj The strip Loewner equation ([TO]) driven by 

eGC([o,r)) is 

dtg{t, z) = coth2(5(t, z) - e(t)), < t < T, 5(0, z) = z. 

For < t < T, let K{t) denote the set of 2; G S^r such that the solution ^(s,z) blows up 
before or at time t. Then K{t) and ^(t, •), < t < T, are called the strip Loewner hulls and 
maps driven by ^. For each t G [0,T), K{t) is a bounded hull in with dist(ir(t), M,r) > 0, 

g{t, ■) : (S^ \ K{t);W^) (S^^R^), and g{t, z) - z ±t as z ±00 in \ K{t). U K is a 
bounded hull in R^r with dist(i^(t), M^r) > 0, then there exist a number cj^ > and a map g^ 

determined by K such that : (S^r \ K; 1^,^) -» (§7^; Mtt) and Tjj^ — z — )• ±C|^ as z — )■ ±00. We 
call the capacity of in S-^ w.r.t. Mt^. Thus, the capacity of K{t) in §^ w.r.t. is t, and 

Since g{t, ■) maps M,r onto and coth2(z + vri) = tanh2(i, z), we have 

Re5(t,z) = tanh2(Re^(t,z) - ^(t)), z G M^. (3.7) 

Differentiating ()3.7p w.r.t. z, we see that 

at5'(t, 2) =?'(*, ^)tanh'2(Re5(t,^)-C(t)), ^ G M^. (3.8) 

If ^ is a semi-martingale whose stochastic part is y/KB(t), and whose drift part is continu- 
ously differentiable, then ^ generates a strip Loewner trace /3, which is defined by 

lim ^^9(t,-)"'(^), 0<t<r. (3.9) 

Such /3 is a continuous curve in U M which satisfies that /5(0) = ^(0) G M. If k G (0, 4], then 
^ is simple, ^((0,r)) C S^, and K{t) = ^((0,t]) for < t < T. 

On the other hand, suppose f3{t) is a simple curve in S^^ \ M, which intersects M only at 
t = 0. Let v{t) be the capacity of /3((0, t]) in S^^ w.r.t. M,^. Then is a continuous increasing 
function, which maps [0,r) onto [0,S) for some S G (0,oo], and there is ^ G C([0, 5)) which 
generates the strip Loewner trace /3 o v~^. 

The chordal SLE(k; p) process defined in [5] naturally extends to strip SLE(k; p) process. 
Let K > and p G M. Let xq, uq G M. Let ^(i) and q{t), < t < 00, be the solution of 

d^(t) = y/l^dB{t) + ^ tanh2(C(t) - q{t))dt, ^(0) = xq; 

dg(i) = tanh2(g(t) - m). 9(0) = yo- 

Then the strip Loewner trace /3 driven by ^ is called a strip SLE(k; p) trace in 8,^ started from 
xq with marked point yo + From [9] we know that, when p = k — 6, /3 is a time-change of a 
chordal SLE(k) trace in S^r from xq to yo + '^^j stopped when it hits M,r- If; in addition, «: < 4, 
since the chordal SLE(k) trace does not hit R,r before it ends, we see that /3 is a time-change 
of a complete chordal SLE(k) trace. 
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4 One SLE Curve Crossing an Annulus 



4.1 Annulus SLE with one marked point 

We now cite some definitions in Section 4.1 of |14| . 

Definition 4.1 A covering crossing annulus drift function is a real valued C^'^ differentiable 
function defined on (0, oo) x M. A covering crossing annulus drift function with period 27r in 
its second variable is called a crossing annulus drift function. 

Definition 4.2 Suppose A is a covering crossing annulus drift function. Let k > 0, p > 0, and 

xqjPq € M. Let ^{t), <t < p, be the maximal solution to the SDE 

di{t) = ^dB{t) + K[p-t,i{t)-Reg{t,yo+pi))dt, ^(0) = xq, (4.1) 

where g{t,-), < t < p, are the covering annulus Loewner maps of modulus p driven by 
^. Then the covering annulus Loewner trace of modulus p driven by ^ is called the covering 
annulus SLE{n;A) trace in Sp started from xq with marked point yo + pi. 

Definition 4.3 Suppose A is a crossing annulus drift function. Let k>0, p>0, oGT and 
b G Tp. Choose Xo,yo G M such that a = e*^" and b = e-P+*^o. Let C{t), < t < p, be the 
maximal solution to 1^. j| ). The annulus Loewner trace of modulus p driven by ^{t), < t < p, 
is called the annulus SLE{k; A) trace in Ap started from a with marked point b. 

Remark. Tfie above definition does not depend on the choices of xq and yo because A{p — t, ■) 
has period 2tt, g(t, •) has progressive period (27r; 27r), and for any n £ Z, the annulus Loewner 
objects driven by ^{t) + 2mr agree with those driven by £,{t). Via conformal maps, we can define 
annulus SLE(k; A) trace in any doubly connected domain. 

4.2 Annulus SLE with reversibility 

A family of functions are defined in Section 7 of [H], which are ^oo, ^q, ^O) ^m, m £ Z, 
^{s)j ^Oj and A^5^, s G M. They are all smooth functions on (0, oo) x M, and depend on three 

parameters: k, G (0,4], a G [0, ^), and t = j — \l ^ + i^cr < 0. Now we suppose k G (0,4] is 
fixed, and 

o- = -- l>0, T = -^-2<0. (4.2) 

Then these function depend only on k G (0,4], m £ 7^ and s G M. For simplicity, we omit the 
symbol k. The A^,,^ here is the A^.^^^ in Theorem 1 1 . 1 1 and Theorem 11.21 

The $oo is defined in (7.31) of [H]: 

^oo{t,x) = e ~cosh^ (x). (4.3) 
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The is defined by (7.33) of 

^g{t,x) = B^exp(a Ujjt + s, X^,{s))ds^j, (4.4) 

where H/,q is defined by (7.8) of [Hj: lli^q{t,z) = H/(t,z) - tanh2(2;), and X^it), < t < oo, 
is a diffusion process which satisfies SDE (7.2) of [14 



dX^{t) = ^/lldB{t) + rtanh2(X^(t))dt, ^^^(O) = x. (4.5) 
The ^'o is defined in Theorem 7.2 of |14j : 

$0 = $oo$g. (4.6) 

The ^'o is defined in Theorem 7.3 of |14j : 



2 . ,^2 



M'o(t,x) = e-^(^)" ^$o(y,jx). (4.7) 



For m G Z and s G M, the and (^s) are defined in Theorem 7.4 of [14] : 

^'^(i, x) = ^o{t. X - 2m7r), 'f^,) = e^"^^'™. (4.8) 

m.GZ 

The functions ^oo, ^O) ^O) ^m, ^(s) are ah positive. The functions Aq and A^^^ are defined 
in Proposition 7.4 and Theorem 7.4, respectively, of [H]: Aq = — H/, A^^^ = k-^^ — H/. 
For the sake of completeness, we now define A^ = i^-^ — H/ = Ao(- — 2m-7r) and 

r„^ = ^™e7% r^,^ = ^-^,^67^. (4.9) 

From (12. 2p . we see that A^ and A^^^ have simpler expressions: 

Km = tS^, A^,)=Ac^. (4.10) 

1 m 1 (s) 

From Lemma 5.2 of [13], we see that F^ and F^^^ solve the PDF (5.6) in [TJ]. Since we here 
set the value of a by ()4.2p . this PDF becomes (5.2) in [T3], i.e., 

9fF^ = |r:; + r^^H/ + qH^F^, (4.11) 

where 

a = ^. (4.12) 
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Define Tq on (0, oo) x M such that 

fo(t,x) = (^-j To[-,-x). (4.13) 
From ([23]), (gT]), and (gj]), we have 

fo = $oe7^. (4.14) 
Define 0/,oo5 ©/.gi Too, and Fg on (0, oo) x R such that 

0/,oo(t, x) = 2e"3 cosh2(x); 67,5 = Qi/@i,oo] (4.15) 

f oo(t, x) = cosh2(x)^("-i); f ^ = fo/f^. (4.16) 
One may check that Too solves 

- dtf^ = |f'4 + f'^ tanha +q tanh'2 foo- (4.17) 



From (j4.3p we have Too = ^00 ©/ ^- From (j4.6p and (|4.9p we have 

rg = M7|- (4-18) 

Let p > and xq, yo G M. Let Um = Ho + 2mTT, m G Z. Consider the fohowing two SDEs. 
dCit) = V^dB{t) + Ao{p-t,C{t)-Reg{t,y^+pi))dt, 0<t<p, ^(0) = xq, (4.19) 

dm = V^dB{t) + Ai^,){p-t,C{t)-Reg{t,yo+pi))dt, 0<t<p, ^(0) = xq, (4.20) 

where g{t, •) are the covering annulus Loewner maps driven by ^. Let /x^ or /u^^^ denote the 
distribution of (C(i),0 < i < p) if it solves (I4.19|) or (I4.20p . respectively. Then 

' ^(s)(p,xo-yo) ™ " r(,)(p,xo-yo) 

where the first equality follows from Proposition 7.4 in [T3], and the second equality follows 
from (|4.8p . (|4.9p . and the fact that Qi{p, •) has period 2tt. 

Let /3 and f3 be the annulus Loewner trace and covering annulus Loewner trace, respectively, 
of modulus p, driven by ^. If (^) has distribution fj,rn, then /3 is a covering annulus SLE(k; Aq) 
trace in §p started from xq with marked point ym+pi- If (0 distribution /x^^), then /3 is 
an annulus SLE(k; A^^^) trace in Ap started from e*^'' with marked point e*^°~P. Let denote 
the event that the covering trace ends at ym +pi- Proposition 7.4, Theorem 8.3, and Theorem 
9.3 in [U] together imply that ^imi^m) = 1 and A'(s)(Umez "^m) ~ ^- Since Em-, m G Z, are 
mutually disjoint, the /im.'s are singular to each other. From (j4.2ip we have 

dl^m ro(p,Xo - 7/^) ^ „„s 

r(^)(p,xo - yo) 
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4.3 Some estimations 

Lemma 4.1 For any t > and < ,x < "it, 



H 



4e- 



-2^ ■ 



Proof. Since H/^g(t,z) = H/(t, z) — tanh2(2:), from (|2.7p . we have 

oo —1 

x) = tanh2(x - 2t) + ^ tanh2(x - 2nt) + ^ tanh2(x - 2nt) 
Note that tanh2(2;) 



n=2 



(,./24-W2)2 < min 2e^ 26"^} for x E M. If < x < then 



^ tanh^ (x - 2nt) < 2 ^ e""" 



2nt 



2e 



x-4i 



< 



2e' 



n=2 
-1 



n=2 



1 - e-2* - 1 - e-2* ^ 



^ tanh2(x - 2nt) < 2 ^ e' 



2nt—x 



2e 



-x-2t 



< 



2e 



-2t 



1 - e-2* - 1 - e-2* ■ 



n=— oo n=— oo 

The conchision foHows from the above displayed formulas. □ 

Proposition 4.1 If F is one of the following functions: @i,q, ^q, orTq, then 
(i) lim2i„|^.|_^+ooln(F(t,x)) = 0; 

(a) for every R > 0, ln{F) is bounded on {t > R, \x\ <2t + R}; 



Proof. From (j2.4p and (j4.15p . the conclusion is clearly true for F = 0/,g. Prom (|4.18p . we 
suffice to prove this proposition for F = ^q. Throughout this proof, we use Ot(l) to denote a 
positive quantity which depends on k, a, t, and is uniformly bounded when t is bigger than any 
positive constant. 

Fix t > and x G M. Let Xx{s) be as in (j4.5p . and (J^s) be the filtration generated by 
{Xx{s)). Define a uniformly integrable martingale Mt^^is), < s < oo, by 



Mf,^(s):=E expfa/ Uj Jt + r, Xx{r))dr 



T 



From (fOp we have Mt^x{s) = '^q{t + s, exp [a Hj ^^(t + r, Xx{r))drj . Suppose S is 

an a.s. finite (J^s)-stopping time. From the Optional Stopping Theorem, E [Mt^x{S)\ = Mt^x{^)- 
Since Mt^x{^) = '^q{t-,x), we have 



^q{t, x) = E + 5, Xx{S)) exp [a Hj ^^t + s, Xx{s))ds 



(4.23) 
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Let \{s,x) = min{i,2e^~2'^}. If < X^{s) < 3{t + s) for < s < S, then from LemmaSU 



we have 

'■S ^, fS foo 4g-(t+s) 



Uj^git + s,X,{s))ds< X{t + s,X,{s))ds + ————ds 



= [ X{t + s,X^{s))ds + 2ln 
Jo 

which together with (j4.23p imphes that 

x) < exp(Ot(l)e-*)E + S, X^{S)) exp (a X{t + s, X^{s))ds)j . (4.24) 

Recall that a G [0, |). Let a' = |(t. From Proposition 7.1 in [H], for any cq G (1 + ct',2), 
there is C > depending only on k, a, and cq such that for any t G (0, oo) and x G M, 

1 < ^q{t, x) < exp (C(t-i + l)e(^°"2)t^ (1 ^ ^^l|,;|_lcot)_ (4 25) 

This immediately implies that In(^'q) is bounded on {|x| < cot,t > to} for any to > 0. 

Choose any cq G (1 + (t', 2) such that cq > j^jj: and cq 3 — ^. Let a = 3 — co G (1,2 — a'). 
Then a ^ ^. Since cq — 1 > a' and 2 > a > 1, we have a(2 — a) = a(co — 1) > o"'. Thus, 

-la + -^^ = - — {aico-l)-a')<0; (4.26) 

K K Cq KCq 

- + ^T^J^ = -^^r-^(°(2 - a) - a') < 0. (4.27) 
K 2[2 — a) k[2 — a) 

For m G N U {0}, let Qrn denote the event that ^/KB{s) < as + m for any s > 0. Then 
^ = Go C Gi C ■ ■ ■ C Gm C Gm+i C • • • . It is well known that IP[Um=o ^'"l ~ ^ 

P[aj < e-^"^ m G N. (4.28) 

Suppose t > and 2t < x < 3t. Let S be the first time that Xx{s) < or Xx{s) > 3{t + s). 
Then is a stopping time, and < Xx{s) < 3{t + s) for < s < 5". Since X^is) is recurrent, 
5 is a.s. finite. Since r < and tanh2(x) > for x > 0, from (|4.5p we have 

X^{s) < X + as + m, < s < S, on Gm- (4.29) 

Let £i and £r denote the event that Xx{S) = and Xs{S) = 3(t + 5), respectively. From (j4.25p 
and the facts that > co — 2 > — f co and 3 — cq > we see that 

^,{t + S,X^{S))<exp{Ot{l)e^'°~^^')<Ot{l) on £i, (4.30) 
§,(t + 5,X,(5)) <Ot(l)e^(3-co)(t+5) (4 31) 
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From (|4.24p we have 



oo „5 
^g{t,x) < exp(Oj(l)e-*) E [l(g„,\g_,)n^, + 5, exp (a / X{t + s, X,{s))ds) 

m=i ^ Wo ^ 

oo »5 

exp(Oi(l)e-*) ^ [l(g„\g_,)n^,$,(t + 5,X,.(5))exp (a / Xit + s, X,is))ds)] (4.32) 



+ 



Suppose n £r occurs. From ()4.29p we have 3(t + S) = Xx{S) < x + aS + m. Since 
3 — a = Co > 0, we have 

^x — 3i + m „ „ , . 

S< on GrnnSr- (4.33) 

Co 

Since 5 > 0, we see that Gmf^£r = ^ when m < 3t — x. Let mo = \3t — x] . Then From (|4.28p . 
(|4.3ip . and the fact that A < ^, we find that for any m G N and m > mo, 



E 



l(e,n\e^-i)n^.^9(* + S,X,(5))exp [a j \{t + s,Xx{s))ds 

2 



< E 



^{m-i)aQ^(-L) exp (-(3 - co)(i + S) + 



Since f (3 - co) + f = f (a + a') > , from (fOHl) we find that the RHS of the above formula is 



So we have 



^/-.N / 2 , , , 2, X — 3t + ?n 
< Ot(l) exp a(m - 1 - t) + -(a + u') 

K, K Cq 



oo „5 

5^E[%„\g_^)n£,.$,(t + 5,X,.(S))exp(a / A(t + s, X,(5))ds) 



< Ot(l) > exp a(m-t) + -(a + a ) 

^-^ \ K K Co 

m=mo 



^ / X ,'2 2a + o-', A 
Ot(l) exp ( — at H [x — 3t) j > exp 



K K Co 



m,=mo 



2 2a + a'\m 
-a+ 

K K Co 



<Ot(l)expf-at + -^±^(x-30--amo + -^^mo) <0t(l)e^(^-2*) (4.34) 

Vk K Co K K Co y 

where the second last inequality follows from (j4.26p . and the last inequality follows from the 
fact that |mo — {3t — x)\ < 1. 

Suppose Qm n £i occurs. From (j4.29p we have Xx{s) — 2{t + s) <x — 2t + m + {a — 2)s, 
< s < 5. Suppose that 2t < x < 3t. Then x-2t + m > for any m G N. Let p = 3L=2t±rn > 
Then we have 

pS pp 1 poo 

/ X{t + s,Xx{s))ds < -ds+ 2e^-2*+"^+(''-2)'^(is 
Jo Jo 2 Jp 



2-a 
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+ 



2g(a-2)(.-p)^^ 



P 



2 2-a 



X - 2t + m + 4 
2(2 - a) ■ 



From (ICTl) . ()i:28]) and (|O0D . we have 



oo „g 

m=i ^ ^ 



<0,(l)^exp(--(m-l)a + a- _ 



m=l 



< Ot(l)e^^^^ 2^ exp 

m=l 

From g32]), (0331), and (|i36]) . we have 

< Ot(l)et«(^-2*), 2t<x<3t. 



-a + 



«; 2(2 - a] 



<Ot(l)e^("-2*). 



(4.35) 



(4.36) 



(4.37) 



Suppose Q < X < 2t. Let mi = \2t — x \ . Then x — 2t + m > if and only if m > mi. If 
m > TTT-i, then (j4.35p still holds. Following the argument of ()4.36p . we get 



E[%„\e_0n^:,^9(* + '5,^x(5))exp(a / \{t + s,X,{s))ds 



a{x-2t) 



< Ot{l)e 2(2-") ^ exp f a + 



m—m\ 



< Oj(l)e 2(2-a) exp ( a + 



K 2(2 - a) 
^ ^'"^<0,(l)e^(-2*), 



K 2(2 - a) 

where the last inequality holds because |mi — {2t — x)\ < 1. 
For m < mi, we use the estimation: 

fS roo r) x—2t+'m 

X{t + s,X^{s))ds < / 2e^-2*+'"+(''-2)^(is = — on g„ 

Jo 2-a 

From (j4.30p we see that, when m < mi, on the event H £i, 



*,(t + 5,X,(5))exp a / X{t + s, X,{s))ds 



exp (Ot(l)e("o-2)* + cT- 



x—2t+m 



2-a 



1 + Ot(l)e("«"2)i ^ Ot(l)e^-2*+'", 



(4.38) 
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where the last equahty holds because 2t+m. ^ 0^(1) for m < mi. Thus, 

mi-l „5 

E[l(g„\g_^)n£,($,(t + 5,X,(S))exp(a / X{t + s, X,{s))ds) - 1 

m=l 

mi— 1 mi— 1 

m=l m=l 

where the second last inequality holds because a ^ ^. The above inequality together with 
(02]) . (Oi]l . and ()T38]l implies that, 

- 1 < Ot(l)(e-* +e(^''-2)* + e^-2* + e^'^(^-2*)) < Ot(l)e(i-^)(^-2*), 0<x<2t. 

Since 1 < ^'g, the above inequality implies that 

< ln($g(t, x)) < Ot(l)e(i-^)(^-2*), < x < 2t, 

which finishes the proof of (i) for F = "^g. The above inequality together with (j4.37p implies 
that 

^ 2 
< ln(^'„(t, x)) < Ot(l) + -o(0 V (x - 2t)), < X < 3t, 

which finishes the proof of (ii) for F = ^g. □ 

5 Annulus SLE with Domain Changed 

We now start proving Theorem II. li The proof will be finished at the end of Section 17.21 Let 
p > 0, K £ (0, 4], s G M S T, Wo G Tp, and the hull L be as in Theorem ll.il Choose xq, uq £ M. 
such that zq = e'^" and wq = e^y°~P. Let Um = Vo + 2rmr, m £ Z. 

Note that Ap \ L is a doubly connected domain, whose boundary contain Tp and e*^°. Let 
PL = mod(Ap \ L). Let L = (e*)-^(L). Then L is a subset of §p with period 2tt. We may 

find Wl and Wl such that Wl ■ (Ap \ L; Tp) (Ap^; Tp^), Wl : (Sp \ L; Mp) (Sp^; Rp^), 
e* o Wl = Wl ° e*, and Wl has progressive period {2-k; 2-k), and 

5.1 Stochastic differential equations 

Suppose ^ G C{[0,p)) with ^(0) = xq. Let g{t,-) and g{t,-), < t < p, he the annulus and 
covering annulus Loewner maps of modulus p, respectively, driven by ^. Let K{t) and K{t) 
be the corresponding hulls and covering hulls. Suppose ^ generates a simple annulus Loewner 
trace (3 of modulus p with /3((0,p)) C Ap. Then ^ also generates a simple covering annulus 
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Loewner trace j3 of modulus p with /3((0,p)) C Sp. We have /3 = e* o /3, /3(0) = ^(0) = xq, 
= /3((0,t]), and ^(t) = ^((0,t]) + 27rZ, < t < p. ^ ^ ^ 

Let T be the biggest number in (0,p] such^that /3((0,r))nL = 0. Let /3L(t) = and 
/3j^(t) = < t < r. Then /3l and /3l are simple curves, = o /3l, /3l(0) G T, and 

/3l((0, r)) C Ap^. Let 'y(t) = cap^^^^ (/3i((0, t])). Then z; is a continuous increasing function, 
which maps [0, T) onto [0,5") for some S E (0,pl]. Let 7L(t) = (5L{v~^{t)), <t < S. Then 
7^(^)5 < t < "Sj^is the annulus Loewner trace of modulus pL driven by some r]i G C{[0,S)). 
Let hL{t,-) and hL{t,-), < t < S, be the annulus and covering annulus Loewner maps of 
modulus PL, respectively, driven by rj^. 

For < i < r, define ^(t) = VL{v{t)), Mt, •) = hL{v{t), •); 

9L,w{t,-) =9L{t,-)oWL; W{t,-)=gL,w{t,-)o9{t,-y^; (5.1) 
Then both gL,w{t, ") and W{t, •) have progressive period {2tt; 2tt), and 

: (Sp\(LU(^((0,t]) + 27rZ));Mp)''"''(Sp^_,(i);Mp^_,(i)), (5.2) 

•) : {Sp^t \ Lt;Rp-t) (V-t-W^ V-^-w)' (5-3) 

where Lt := g{t,L) C Sp-f We have gLiPiit)) = e^^^W. Since /3l = e*(/3L), there is n G Z 
such that giitj PLit)) = (.lit) + 2ra7r for < t < T. We now add 2mr to the driving function 
rjL. Then the new ?7_l is still the driving function for 7^, hL{t,-) and hL{t,-), and we have 

9L,w(t J(t)) = a(t); (5.4) 

W{t,m)=CL{t). (5.5) 
Define qm{t), qL,m{t), Aj{t), ^/,m(t), Xm{t), XL,m{t), <t <T, such that 

qm{t) + {p-t)i = g{t,ym+pi)] (5.6) 

gL,m(i) + {PL - v(t))i = gL,w{t,ym+pi)\ (5.7) 

A,{t) = W^^\t,m): i = l,2,3; ^7,„(t) = VF'(t,g„,(t) + (p-t)i); (5.8) 

Xm{t) = i{t) - qm{t); XL,m{t) = CUt) " qL,m{t)- (5-9) 
A standard argument together with Lemma 2.1 in [llj shows that 

v'{t) = W'{t,mf = Mtf- (5.10) 

Hence, 

dtgL,w{t, z) = W'{t, mf^iPL - v{t),gL,w{t, z) - a(t)). (5.11) 

Since H7(t, •) is odd, from (13. 5p . (j3.6p . and (15. llj) we have 

dq^{t) = -Yli{p - t, X.^{t))dt] (5.12) 
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ll'j{p-t,Xm{t))dt; 



g'{t,ym+pi) 

dqL,m{t) = -Ai{tfUj{pL - v{t),XL,m{t))dt; 



9'L,W^^^ym+pi) 
From ([53]), ([533]) and (IET5]) we get 

dAi^rn{t) 



Ai{tYn'j{pL - v{t),XL,m{t))dt. 



Al,m{t) 



Ai{tYWj{pL - v{t),XL,m{t))dt -U'jip- t,Xmit))dt. 



(5.13) 
(5.14) 
(5.15) 

(5.16) 



Differentiating W{t, •) o g(t, z) = gL,w{t^ z) w.r.t. t using (j3.2|) and (j5.1ip . and letting w = 
g{t,z), we obtain an equality for dtW{t,w) with w £ Sp^t \ Lt- Differentiating this equality 
w.r.t. w, we get an equality for dtW'{t,'w). Letting w — )• ^{t) in Sp-t\Lt in these two equalities 
and using (j2.ip we get 

dtW{t,m) = -^A2{t). (5.17) 



dtAijt) lM2(t)\2 ^^Asit) 2 



(5.18) 



Let K G (0,4]. Suppose now (^) is a semimartingale, and (i(C)t = ndt, < t < p. We will 
frequently apply Ito's formula (c.f. [7]). From (|5.5p and ()5.17p we have 



(5.19) 

(5.20) 
(5.21) 

dt. 



d^Lit) = A,{t)dm + [-- 3)A2{t)dt. 

From (I5.12|) and ()5.14p we see that Xmit) and Xi^mit) satisfy 

dX„^{t) = dCit) + H/(p - t, X^{t))dt- 

dXL,mit) = d^Lit) + Ai{tfUi{pL - v{t),XL,Ut))dt. 
From (I5.18P we see that 



dAijt) _ A^jt) 
Ai{t) Ai{t) 



dm + 



l/^2(t)\2^/K_4^^3(t) 



2KAi{t) 



2 3J Ai{t) 



+ Ai{tfr{pL-v{t))-rip-t) 



Let c and a be as in (jl.ip and (|4.12p . respectively. Then we compute that 

d^l(t)° A2(t) , re , , ^ . . n2 / 

= «]4^^^(*) + [6^5(*) + «^i(0'r(PL - vit)) - ar{p - t) 
where As{t) := ^ - i(^)^ is the Schwarz derivative of W{t, •) at C{t)- 



dt. 



Let 



Ym{t) = To{p - t, Xmit)), YL,m{t) = ToipL " vit) , X L,m{t)) , 



(5.22) 



(5.23) 
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From gH]), ([5T0]) . (fOOjl and (fOT]) we find that 

= iAo(p - Xmimm - aU',{p - t, X^{t))dt, (5.24) 

Mpl - v{t),XL,m{t))d^Lit) - aAiitfU'jipL - v{t),XL,m{t))dt. (5.25) 



Define on [0, T) by 



From dSHD, (|5T9]) . ([5:22]) . ([OD and (lOSD . we find that 

AU^ = [":4; + ^Ao(p. - vit),X,^^it)) - -MP - t, X^it))] . 

■idm-Mp-t,Xrnit))dt), 0<t<T. (5.27) 
Let Cpx = exp(-§ /p''(r(s) + l)ds) > 0. We have Mm = Nmexp{cU), where 

Yt / c rPL-vi-) rPL-v{-) 1 



A^m = Cp,iA°A?,^^ exp ((« + 2 ) y r(s)'i^ + 2 / ;^«) ? (5-28) 

1 /•■ 1 rPL-v{-) 1 1 /-PL 1 

U = --j^As{s)ds--j_ (r{s) + -)ds + -j {r{s) + -)ds. (5.29) 



5.2 Rescaling 

2 ^ 2 ^ 2 

Let ^ = T = ^^3^ — p and t = p — Then the function t 1— )• t maps [0,oo) onto {0,p), 
and maps [0,T) onto [0, T). Let L = C Sjr, So = ^2:0, and ym = ^Vm, m £ Z. Since L has 
period 27r, and dist(L, {xq} U Mp) > 0, we see that L has period 2p, and dist(L, {xq} U Mtt) > 0. 
Let /3(t) = ^/?(t), < t < 00. Then /? is a curve in UM started from xq, and T is the biggest 
number in (0, 00] such that /3((0,T)) n L = 0. Furthermore, we have 

{T = p} = {f = 00} = {/3 n L = 0} = n L = 0} = {/3 n L = 0}. (5.30) 

For < i < f , let pL{t) = pj^^ij.y Since pL - v(t) = mod(Ap \ L \ /3((0,t]), while p-t = 
mod(Ap \ /3((0, t]), we have pL - v{t) <p-t,0<t<T. Thus, 

PL(t) > --=p + t, 0<t<T. (5.31) 



18 



From ([2T0]) . for any < t < T, 



PL{t) rPL-vii) , 1 , 

Y{s)ds= \ (r(s) + -)ds. (5.32) 



'p+t J-p—t 
Let m e Z. For < t < f , define 

fW = ^-C(t); ?m(t) = ^-g™(i); X„,(t) = ^.X^(t); 
vr vr vr 

vr vr vr 

From (j5.9p we have X„i = S, — Qm and Xi^m = — QL,m- For < t < T, define 

g{t, z) = g{t, -z); gL,w{t, z) = gL,w{t, -z). 

TT 11 IT IT 



From (I33D, (ESD, and ((HZD we have 

g{t,-) ■ (S^\(^((0,t])+2pZ);M,J(t),y„, + 7ri) (S,; M,, 

: (S^\((^((0,t]) + 2pZ)UL);M^,^(t),y;;„ + 7r«) (S^; R^, ClW, ?L,m(t) + vr«) 



For < t < T, define ^ 

W{t,-) =gL,w{t,-)°g{tr)~^\ 

Let Lt = ^^^Li. Since Lt = g{t, L), we have Lt = g{t, L). From (j5.36p and (|5.37p we have 

^^(t, = ^^^(i, gm(t) + vri) = qL,m{t) + vri. 

From (IHH), dSS]), (I535]l and ([OH]) we have 

For m G Z and < t < f , let 
From ([OS]) . (|03]) . and we have 
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5.33) 
5.34) 

5.35) 

5.36) 
5.37) 

5.38) 
5.39) 

5.40) 
5.41) 

5.42) 

5.43) 
5.44) 



Define Nm on [0, T) such that 



N„^ = Cp,lA'}AI^Yl,„,Y-' exp - (a + -) / ?{s)ds). 



Jp+- 



From dOSI), ([02]) and (ICTjl we find that 

^m(t) = A^m(t), < t < f. (5.45) 

From ([n]), (US]), (gJl), (BH, (irojl . and dS^S]), we see that for < t < f , 

N^{t) = li(t)"l,,„,(t)"f,(pi(t),Xi,,^(t))f,(p + t,X^(t))-i- 

^ r^L,m.{t) c \ 

• exp - Q / tanh2(s)ds - (q + -)(R(pL(t)) - R(p + t)) . (5.46) 

6 Estimations on Nm{t) 

For 77T, E Z, let Vm denote the set of {pi,p2) with the following properties. 

1. For j = 1, 2, /9j is a polygonal crosscut in §^ that grows from a point on R to a point on 
Mtti whose line segments are parallel to either x-axis or y-axis, and whose vertices other 
than the end points have rational coordinates. 

2. pi + 2np, p2 + 2np, n £ 1^, and L are mutually disjoint; pi lies to the left of p2. 

3. piU p2 disconnects xq and ym + tt? from L in §7^- 

For each {pi,p2) £ 'Pm, let Tp^^p^ denote the biggest number such that /3((0, Tp^^pj)) n {pi U 
P2) = 0. Since f3 starts from xq, we have Tp^^p^ < T. Let £m be as in Section [4.2[ Then 

Era = {lim^(t) = Vm+pi] = { lim P{t) = y „ + m]. 

We will prove the following proposition at the end of Section 16.11 and Section 16.21 

Proposition 6.1 Let m € Z. 

(i) limf_^oo hi(A'!m(i)/C'p,L) = 0) on the event £m ^ {T = 00} . 
(ii) For any {pi,p2) £ Vm, ^T^i^mit)) is uniformly bounded on [0, Tp^^pj). 

For m G Z, define Vrn = {(f /^i, f P2) : {pi, P2) G 'Pm}- Then for each {pi,p2) G Pm, Pi and 
P2 are simple curves that grow from a point on M to a point on M^^, and pi U p2 disconnects 
Xq and ym + pi from L. For each {pi,p2) S "Prnj let Tp^^p^ denote the biggest time such that 
/3((0, Tp^_P2)) n (pi U /32) = 0. Then Tp^,p2 < T, and the function t i maps [0, Tp^^pj) onto 
[0,T£p^ Pp^). From Proposition 16. H (|5.30p . and (|5.45p we conclude the following proposition: 
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Proposition 6.2 Let m € Z. 

(i) \\m.t^pNm{t) = Cp^L on the event Sm H {T = p}. 
(a) For any {pi,p2) £ 'Pm, ]^m(t) is uniformly bounded on [0, Tp^^p^)- 

6.1 The limit value 

We now use H and D to denote the upper half-plane {Imz > 0} and the unit disk {\z\ < 1}, 
respectively. Let 7i denote the set of bounded hulls in M. For every H £ T-L, there is unique (pn 
which maps H \ iif conformally onto H such that as z — t- oo, ^h{z) =z+| + 0(|z|~^), where 
c =: hcap(//) is called the half-plane capacity of H. li H = 0, then ipu = id and hcap(i/) = 0; 
otherwise hcap(ff) > 0. 

Suppose H (^n and / 0. Then F n M / 0. Let = inf n M) and hn = sup(F n M). 

Let 

Y.H = C\{HU{z:zeH]U [an, hn])- 

Conf 

By reflection principle, Lpn extends to T,h, and (pn '■ '^H C\[ch, dn] for some ch < dn & 
Moreover, pn is increasing on (—00,0^) and (6^^,00), and maps them onto {— 00, ch) and 
{dH,oo), respectively. So pjj^ extends conformally to C \ [cH,dH]- 

Example 1 Suppose r > 0. Let H = {z & M : \z\ < r}. Then H £ Ti, an = —r and hn = r. 
It is clear that ipH{z) = + i"- Thus hcap(i/) = r^, and [ch, du] = [— 2r, 2r]. 

Prom (5.1) in [13] there is a measure pH supported by [cH-idn] with \ph\ = hcap(ff) such 
that for any z G S/f, 

'Pll{z)-z= ^—dpH{x). (6.1) 

Since = id, (16. ip is also true for = if we set /X0 = 0, ag = C0 = 00 and 60 = (ig = —00. 
The following lemma is a combination of Lemma 5.2 and Lemma 5.3 in jl3] . 

Lemma 6.1 (i) For any H gH, Ph{x) < x on (—00, a//) and Ph{x) > x on (6//, 00); 

(ii) If Hi,H2 G "H and Hi C i?2; ^/len [cH^jdn^] C [c/^j, d/^j]. 

Lemma 6.2 Let r > 0. Suppose H ^ % and H C {|2;| < r}. Suppose W : \ H;cc) 
(EI;oo), and satisfies that W'{oo) = 1, W{{-oo,—r)) C (— oo,0) and W{{r, 00)) C (0, 00). 
Then for any z GMUR with \z\ > (1 + rf, \W{z) - z| < + 2r. 

Proof. Let Hr = {z £M : \z\ < r}. Then H C Hr £ H. From Lemma O (i) and Example H 
we have [cH^dn] C [c/^,,, d/f,,] = [— 2r, 2r]. Define K = puiHr \ H)- Then K £ Ti and 99//^ = 
Pk°Ph, which implies that hcap(-ffr) = hcap(-ftr) + hcap(ff). Thus, hcap(i?) < hcap(-ffr) = 
Applying Lemma [6T] (ii) to K, we find that ph{x) < pHr{x) for any x E (6/^-^,00) = (r, 00). 
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Thus, inf 93//((r, oo)) < inf (/5//^((r, cxo)) = dn^ = 2r. Similarly, sup ipH{{—oo, —r)) > —2r. 
Since both W and ipH map H \ i7 conformally onto EI and fix oo, and have derivative 1 at oo, 
there is w G M such that W{z) = ^h{z) — w for any z &M.\H. From the assumption of W, we 
get inf VF((r, oo)) > > supVF((— oo, — r)). So we have \w\ < 2r. We now suffice to show that 
for any z G H U M with \z\ > (1 + r)^, \^h{z) — z| < r^. 

Let z € H U M and 1^1 > 1 + 2r. Since [ch, d//] C [— 2r, 2r] and = hcap(-ff) < r^, from 
()6.ip we have \lp'^{z) — z\ < r^. Let ^ = {z £ M : \z\ = 1 + 2r}. Then ^pjj^i'f) is a crosscut 
in H, which divides H into two components. Let D denote the unbounded component. Then 
(pjj^ maps S H U M : \z\ > 1 + 2r} onto D. Since \(pjj^{z) — z\ < for z G 7, we have 
fH^ij) C {|z| < 1 + 2r + r^}, which implies that D D {z e MUR : \z\ > {1 + rf}. Thus, if 
z G H U M and \z\ > (1 + r)^, then (Ph{z) G {z G H U M : |z| > 1 + 2r}, which implies that 
|V9//(z) - z\ = \ip]^^{ipH{z)) - ipH{z)\ < r^. □ 

Lemma 6.3 Let K he a hull in 8,^ such that Rez < c for any z £ K. Suppose that V : 

(STr\K;+oo) {§>-,^; +cc), and satisfies V{{c, 00)) C and V{{c,cc) + TTi) C M^T^. Then there 
is heR such that z/z G UMUM^ and Rez > c + ln(4), then \V{z) - z - h\ < \2e''-^^\ 

Proof. There is /i G M such that V{z) = z + h + o(l) as 2; G ai^d z — )■ +00. By considering 
V — h instead of V , we may assume that V{z) = z + o(l) as z G Stt and z — t- +00. Let 
z G U M U with Re z > c + ln(4). Let a = Re z - c. Then > 4, and there is r G (0, 1] 
such that (1 + r)^/r = e". Let H = ^ exp(/ir) and 

W{z) = exp(F(ln z - ln(r) + c) + ln(r) - c). (6.2) 

Then H e H <Z {z e m : \z\ < r], W : {m\H;oo) (IH;oo), and W'{oo) = 1. Since 
y((c, 00)) C M and F((c, 00) + m) C M^, we have W{{-oo,-r)) C (-00, 0) and W{{r, 00)) C 
(0,00). Since z G S^UMUM^ and Rez = c+a = c+21n(l + r)-ln(r), we have e^+'"W-^ G MUM 
g^^^ |g2+in(r)-c| > (i+^)2_ From lemmaO we have |Ty(e^+'"W-'^)-e^+'''W-'^| < r2+2r. So the 
line segment [e'^+Hr)-c^ ^^gZ+in(r)-c)j ^^^g outside D. Since | ln'(z)| < 1 for z G C \ D, we have 
I ln(VF(e^+l'^W-^)) - (z + ln(r) - c)| < + 2r < 3r. From ([62]), 1^(z) = ln(Ty(e^+'°('')-'=)) - 
ln(r) + c, so \V{z) — z| < 3r. Finally, since e"r = (r + 1)^ = + 2r + 1 < 3r + 1, we have 
r < Since a > ln(4), - 3 > 1 > 46"". Thus, \V{z) - z| < 12e"'' = 12e^-^°^ □ 

Proposition 6.3 Lei K = K^UK^ C Stt, where Re-fC_ is bounded above by c_ G M, Rei^+ is 
bounded below by c+ G M, and c+ — c_ > 21n(12). Suppose W maps §7r\i^ conformally onto St^, 
and satisfies W{{c-,c^)) C M and 14/'((c_,c+) + iri) C Mtt- T/ien there exists /i G M suc/i i/iat 
i/z G Stt satisfies that d := min{c+ — Rez, Rez — c_} > ln(12), then \ W{z) — z — h\ < 48e~'^. 

Conf Conf 

Proof. Choose : (Stt \ -f^-; +00) (SttS+oo). By composing a suitable [7 : (§7^; +00) -» 
(Stt! +00) on its left, we may assume that satisfies W- o VF"^(— 00) = —00. Let K'_^ = 

W-{K+) and W+ = Wo WZ^ ■ Then W+ : (S^ \ K'; -00) (S^; -00). 
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The assumption on W implies that there is no x G (c_,oo) such that Vl^(a;) = — oo. Since 
W- o W~^{—oo) = — oo, there is no x G (c_,oo) such that W-{x) = — oo. This imphes that 
Ty_((c_,oo)) C M. Similarly, Ty_((c_,oo) + ni) C Mtt- From Lemma 16.31 there is /i_ G M such 
that 

\W-{z)-z-h^\<l2e''—'^''^, if z e S^UMUM^ and Rez > c_ +ln(4). (6.3) 

Let Cd = c+-c^ > 21n(12) and c'+ = c++/i_ - 12e"^'*. If z G S^UMUM^ andRez > c+, then 
Rez > c_+Cd > c_+ln(4), which implies that ReW-{z) > by ()6.3p . Since ReK+ is bounded 
below by c+, we find that KeK'_^ is bounded below by c'_^. Suppose VF_((c_,c+)) = (a_,a_|_). 
The above argument show that a+ > c'_,_. Since W = o W- and VF((c_,c+)) C M, we 
have VF+((a_, a_|.)) C M. Since fixes — oo, we have Ty+((— oo, a+)) C M, which implies that 
oo, c+)) C M as a+ > c^^. Similarly, oo,c+) + vri) C Mtt. From a mirror result of 

Lemma |6.3|, we see that there exists gM. such that 

\W+{w) - w - h+\ <12e^'''^-'''+, if w G S^UMUM^ and Rei(; < c+ - ln(4). (6.4) 

Now suppose that z G Stt satisfies that d := min{c+ — Re z. Re z — c_} > ln(12). From (16. 3p 
and that c+ — Rez,Rez — C- > d> ln(12), we obtain 

ReW-{z) <Rez + h- + Ue"'—^"'^ <c+-d + h_ + 12e~'' = c'+ - d + 12e"'^'' + 126"'^ 
< c'+ - d + 12e"2 + i2e-i'^(i2) ^ ^/^ _ ^ + ^ < _ ^ + 1^(3) < c'+ - ln(4). (6.5) 
Let h = hj^ + h^. Applying (j6.4p to t(; = VF_(z) and using (j6.3p and (j6.5p . we get 
\W{z) -z-h\< \W+{W^{z)) - VF_(z) - h+\ + \W-{z) - z - h-\ 
< i2e^^^-(^)-^'+ + 12e'^--^^^ < Ue^''^^^-'^ + 12e~'^ = 486"'^. □ 

Differentiating (j6.ip w.r.t. z, we see that for z G S//, 

The proofs of Lemma 16.21 Lemma 16. 3^ and Proposition 16.31 can be slightly modified to prove 
the following proposition. 

Proposition 6.4 There are constants Ci,C2 > such that the following hold. Let K = 
U C Stt, where ReK^ is bounded above by c_ G Rei^+ is bounded below by c+ G M, 
and c+ > c_+2C2. Suppose W maps S-j^XK conformally onto and satisfies VF((c_, c+)) C M 
and Vl^((c_,c+) + vri) C Mtt- T/ien /or any z G §,7 ifii/i (i := min{c+ — Rez,Rez — c_} > C2, 
we have \W'{z) - l\,\W"{z)\,\W'"{z)\ < CiC'^. 
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Proof of Proposition 16. 11 (i). From ()5.46p . we suffice to show that (i) holds if ln{Nmit) / Cp^i) 
is replaced J3y HMt)), ln(l/,^(t)), ln{fg{p + t,X^{t))), ln{fg{pL{t), XL,m{t))), XL,m{t) - 
Xm{t), or R(pi(i)) — R(p + t), respectively. Suppose Sm H {T = 00} occurs. From (j5.3ip and 
(12JD we conclude that R(pi(t)) - R(p + t) ^ as t 00. 

Decompose L into Li and Lr such that n M (resp. Lr H M) lies to the left (resp. right) of 
xq. Let Li t = di^, Li) and L^^^t = g{t-, Lr), < t < T. Then Li^t H M (resp. Lr^t H M) lies to the 
left (resp. right) of £,{t). Let Er be a subset of §7^, which touches both R and M^r, disconnects 
/3 from Lr in S^, and is disjoint from L and /3. As t — )• 00, the diameter of /3((t, 00)) tends to 
0, which implies that the extremal distance (c.f. [2]) in 8,^ \ (/3((0,i]) + 2pZ) between E'r and 
the set 

5-^ := (-00, xo] U (/3((0, t]) - 2pN) U {the left side of ^{{0, t])} U {y + Tri : y < y„} 

tends to 00. From (j5.36p and conformal invariance, the extremal distance in S^^ between g{t, Er) 
and (— oo,^(t)] U {x + iri : x < qm{t)} tends to 00 as t — )• 00. Since E^ touches both M and 
Mtt, g{t,Er) also has this property. Thus, dist{{^{t) ,qm{t)} ,g{t, Er)) — )• 00 as i — )• 00. Since Er 
disconnects /3 from Lr in S^^, we see that g{t, Er) disconnects ^(t) and qm{t)+'Ki from Lj-^^. Thus, 
dist({.^(t), §m(i) + T!"^}! ir,t) — )• 00 as t — )■ 00. Similarly, dist({.^(t), gm(i) + 7r*}5-^/,t) — )■ 00 as 
t — )• 00. Thus, dist({.^(t), §m(t) + 7r«},Lf} — )• 00 as t — )• 00. From (|5.39p . (|5.40p . and Proposition 
I6.4l we conclude that \n.[Ai{t)) — and \ti{Ai ^rn{t)) — )■ as t — )■ 00. From (I5.4ip and Proposition 
ESI we see that XL,m{t) - Xm{t) = (iiit) - k{t)) - {qL,m{t) - Qmit)) as t 00. 

Let ar{t) = min{Lr^( n M} and a;(t) = max{Li f n M}. From the last paragraph, we see 
that ar{t) — ^{t), ar{t) — qm{t), ^{t) — ai{t), and qmit) — ai{t) all tend to +00 as t — )• 00. 
Since Xm = C ~ Qm, we have ar{t) — ai{t) ± Xm{t) — )■ 00 as t — )• 00. Since Lt has period 
2(p + t), we have ar{t) — ai{t) < 2{p + t). Thus, 2(p + t) — \Xm{t)\ — )• 00 as t — )• 00. Let 
61 , 62 S M be such that bi < ym < b2 = bi + 2p. Using (j5.37p and an extremal distance 
argument, we conclude that, as t — 00, ^L(i) — ^QdL,w{'t, bi + iTi), qL,m(t) — RegL^wit, bi + ni), 
RegL^iy(ii&2 + Tri) — ^.Lii), and RegL,w{'t,b2 + vri) — qL,m{t) all tend to +00. Since gL,w 
has progressive period (27r;27r), from (|5.35p . gL,w(t,-) has progressive period {2p\2pi{t)). So 
Re5L,vi/(i,b2 + TTz) - RegL,w{t,bi + vri) = 2pi(t). Since X^^^ = - qL,m, we conclude 
that 2pL{t) — \XL^rnit)\ — )• oo as t — )• oo. From Proposition 14.11 (i) and (|5.3ip we see that 
ln{fg{p + t,X„,{t))) and ln{fg{pLit),XL,m{t))) tend to as t ^ 00. □ 

6.2 Uniformly boundedness 

Now we introduce the notation of convergence of domains in [13]. We have the following 
definition and proposition. 

Definition 6.1 Suppose Dn is a sequence of plane domains and D is a plane domain. We say 

Car a 

that (Dn) converges to D, denoted by Dn — > D, if for every z ^ D, dist(z, dDn) — )• dist(z, dD). 
This is equivalent to the following: 
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(i) every compact subset of D is contained in all but finitely many D^'s; 
(a) for every point zq G dD, dist(2;o, dDn) — )• as n ^ oo. 

Suppose Dn '^^^ D, and for each n, /„ is a complex valued function on D^, and / is a 
complex valued function on D. We say that fn converges to / locally uniformly in D, or 
fn / in D, if for each compact subset F of D, fn converges to / uniformly on F. 

Cara Conf 1 u 

Proposition 6.5 Suppose D„ — > D, fn ■ Dn En for each n, and fn f in D. Then 
either f is constant on D, or f maps D conformally onto some domain E. And in the latter 
case, En — — > E and fn^ /"-"^ in E. 

Fix m £ Z and {pi, P2) G Vm.. Choose {p\, P2) € Vm such that p* U /?2 is disjoint from 
{pi U y02) + 2pZ, and p\ U P2 disconnects pi U p2 from L in S,r- Then p\, pi, p2, P2, and pi + 2p 
lie in the order from left to right. Suppose pj CiW = {aj}, p* CiW = {a*}, Pj H M^r = {bj + ni}, 
and p* n = {b* + vri}, j = 1,2. Then we have al < ai < xq < 02 < 02 < + 2p and 

6^ < 61 < < 62 < 62 < ^1 + 2p. 

Let In{z) = 27r — z denote the reflection about Mt^. Let Sp^^pj denote the region in §2^ 
bounded by p2 U In{p2) and {pi L) In{pi)) + 2p. Fix r G (62; ^1 + 2p). Then f + vrz G S//. Let 
^pi -^2 denote the family of simply connected subdomains of §27r which contain Sp^ , and are 

Conf' 

symmetric about 1-,^. For each D G ^^pi,p2' there is a unique /d : (§2^;'^ + ^ri) -» (L>;r + vri) 
such that + vrf) > 0. Such //) commutes with /jr. Define a topology on Vp^^p^ such that 

Do iff /d„ ^ /Do ill S27r- 

Lemma 6.4 Every sequence in T^pi,p2 contains a convergent subsequence. 

Proof. Choose V such that V : (§27r;'^ + Tri) (]D);0). Let (Dn) be a sequence in Vp^^p^. 
Then V o n G N, is a family of conformal maps from §277 into D. Since this family is 
uniformly bounded, it contains a subsequence iy o fD„^) which converges locally uniformly in 
§27r- From Lemma [6. 5 [ this subsequence converges to either a constant function or a conformal 
map defined on §277- Suppose that the first case happens. Since V ° foni^+T^i) = 0, the constant 
is 0. Then we conclude that //j^ r + iri in §2711 which implies that f'p, (r + vri) — )■ 0. Since 
dist(r+7ri, 9§27r) = from Koebe's 1/4 theorem (c.f. [2]), we should have dist(r+7ri, dDnf.) — )• 0, 
which contradicts that dist(r + ni, dDn,.) > dist(f + 7ri,M U M27r U /92 U {pi + 2p)) > 0. Thus, 
(y ° fon^) converges locally uniformly to a conformal map, which implies that fiin^ converges 
locally uniformly to a conformal map defined on §27r; say /. Since /d„j, all map into §277; fix 
f + vri, have positive derivative at r + iri, and commute with / should also satisfy these 
properties. Let Dq = /(S27r). Then Dq is a simply connected subdomain of §2?^ contains 
r + ni, and is symmetric about M^r- We suffice to show that Dq D ^pi,p2 because if this is true. 
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then Dq G ^pi,p2 / = Idq, which impUes that Dn,. — )■ -Do- Suppose Dq 7$ 5]p^^p2- Since 
f + ni £ Dq, and Spi,p2 is connected, there exists zq G Sp^^pj 1^ Dq. From Lemma [631 we have 
Dn^ Dq. From Definition 16.11 (ii), we see that dist(zoi — )• 0, which contradicts that 
Zq E ^pi,p2 C Drifc for each k. This finishes the proof. □ 

Let Io{z) = z denote the reflection about M. For D £ T^pi,p2J let 

D^ = DU Io{D) U (aa, ai + 2p). 
Then L)^ is a simply connected subdomain of := {— 27r < Imz < 27r}, and is symmetric 

o_ Conf 

about M. Let go = f£, : — » §2^- From Schwarz reflection principle, go extends to a 
conformal map g^ from into S^, which commutes with /q. 

Lemma 6.5 If Dn — t- -Dq; i/ien ^^^^ D^ and g^^ g^^ in D^. 

Proof. From Lemma 16.51 we have D^ Dq and g^n ~^ goo Dq. Then we easily see that 
D^ Dq. Let {Dn^) be a subsequence of (-D^)- Choose V : Sf^ -» D. Then (y o ) 
is uniformly bounded family, which contains a subsequence {V o g^ ) that converges locally 

uniformly to some function G in D^. Since g^ g^ in Dq, we see that G is the analytic 

extension of y o^^j^. Thus, G = V o g^ . So we conclude that g^ — ^ g^ in D^. The proof 

is now finished because every subsequence of (g^^J contains a subsequence which converges to 
g^^ locally uniformly in D^. □ 

For each D G T^pi.p2i let D[L) be the connected component of D \ {LU It^{L)) that contains 
f + vri. Then D{L) is a simply connected subdomain of S27r, and is symmetric about M^. There 

is a unique g^ £ such that gj^ -g • {D{L);f + vri) -» (§277; + T^i) and -g(+7ri) > 0. Let 

D^{L) = D{L) U Iq{D{L)) U ((as, ai + 2p) \ L). 
Then g^j^ extends to a conformal map g^j^ f'^o™ ^^i^) ™to S^, which commutes with Iq. 

We easily see that Dn ^ Dq iff D±(L) ^ dJ(L). Using some subsequence argument we 
can derive the following lemma. 

Lemma 6.6 If Dn Dq, then D^{L) ^ D^(L) and g^ ^ ^ g^ ^ in D^{L). 

For each D G Vp-^^p^, p* and P2 are compact subsets of D^ and D^{L). From Lemma |6.4| 
Lemma 16.51 and Lemma 16.61 we conclude that, there is a constant C > which depends only 
on pi, p2, Pi, P2, L,r such that, for any D G ^pi,p2 and z £ p^L) P2, the following quantities: 

\gDiz)-z\, \g'Diz)\, \l/g'j^{z)\, \gj^^i{z) - z\, \g'j^iiz)\, \l/g^^{z)\, 
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are all bounded above by C. 

FixtG [0,fp,,p2). Let D = S2^\(^((0,t]) + 2pZ)\/„(^((0,t]) + 2pZ). Then G . We 

have c/D ■ (Stt \ (/5((0,t]) + 2pZ);M^) ^-^^ (S^;M^). Let /ii = 5(t,r + iri) - (r + vri) G R. Since 
go fixes r + ni, from (|5.36|) we have go = g{t, •) — hi. Similarly, using (|5.37|) we conclude that 
9£)2 = 9L,w{t, ■) — /i2 for some /i2 G Thus, for any z ^ p\U the following quantities: 

\g{t,z)-z-hi\, \'g{t,z)\, |l/^(t,z)|, \gL,w{t^z) - z - h2\, \g'L^w{t,z)\, \l/g'L^v/{t,z)\, 

are all bounded above by the C in the last paragraph. Let /i = /i2 — /ii and C = max{2C, C^}. 
From ()5.38|) . we find that, 

\W{t,z)-z-h\<C', l/C <\W'{t,z)\<C', zeg{t,pl)Ug{t,pl). (6.6) 

Proof of Proposition 16.11 (ii). From (j5.46p . we suffice to show that (ii) holds if ln{Nm{t)) is 
replaced by ln(li(t)), ln(l/,^(t)), ln(f ^(p+t, ln{fg{pL{t),XL,n{t))), XL,m{t)-Xm{t), 

or R(pi(t)) — R(^+t), respectively. From (j2.9p and ()5.3ip we see that Yl{pi{t)) and R(p+t) are 
both positive and bounded above by R(p), which is a uniform constant. So R(pL(t)) — R(^+t) 
is uniformly bounded. 

Fix (pi,/)2) G Vm and t G [0, Tp^^p^). Then (j6.6p holds. From Schwarz reflection principle, 
Vl^(t, •) extends conformally to a conformal map on S := C \ {Lt U Io{Lt) + 27riZ), and the 
extended map commutes with both /q and Ij^. Thus, W{t,-) has progressive period (27ri;27ri). 
So •), 1/W'{t, ■), and •) — • are all analytic functions with period 27ri. Let 

Pj,t = (Mt, P*i) U Io{g{t, pI))) + 27r«, j = 1, 2. 

Then ^ and ^ are two disjoint simple curves with period 27ri, which lie inside S, and (j6.6p 

holds for any z G ^ U Since ^(t) and qmit) + vri lie inside the region bounded by p* ^ and 
P2(, from Maximum Principle, (|5.39p . and (|5.4ip we have 

law - m - h\, \qL,m{t) - Qm{t) -h\< C, l/C < Ai{t),Aj,m{t) < C . 

Since = ^ — qm and Xi^^ = ih — qL,m, we have \XL,m{t) — Xm{t)\ < 2C". Thus, the lemma 
holds if ln(iV^(t)) is replaced by ln(li(t)), ln(A/,„(t)), or XL,m{t) - Xm{t). 

We know that pj, Pi + ^i? are pairwise disjoint, and lie in the order from left to 

right. Since ^(t, •) has progressive period (27r;27r), from (|5.35p . •) has progressive period 
(2p; 2{p + t)). Thus, p^)) ^'2)5 5(^5 + 2(p + t) are pairwise disjoint, and lie in the 
order from left to right. Since ^(t) and qjn{t) + T^i are bounded by g{t, p*) and P2) in Sj^, they 
are also bounded by ^(t, p^) and p*)+2(p+t) in Syr- Thus, = |C(0~5m(i)| is bounded 

above by 2(p + t) + diam(^(t, pj)). Since < C on p*, diam(5(i,pj) < Cdiam(p5;). Thus, 

|-'^m(i)| — 2(p + t) is bounded above by a uniform constant. From Proposition l4.1l (ii) we see that 
the lemma holds if \n.[Nm{t)) is replaced by ln(rq(p + t, Similarly, |XL,m(*)| — '^Piit) 

is bounded above by a uniform constant, which implies that the lemma holds if \n.{Nm{t)) is 
replaced by \u{Tq{pL{t), XL^rn{t)))- □ 
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7 Restriction 



7.1 Brownian loop measure 

Lemma 7.1 Let pQ > Q and Lq be a hull in Apy w.r.t. Tp^^. Let Lq = (e*)~^(Lo). Suppose that 

pi = mod(Apo \ L)^(0,po), : {Ap„ \ Lo;TpJ (Ap,;MpJ, and Wq : (Spo^Lo;MpJ 
(E>pj^;Rp^), and oWq = Wqo e\ Let x £R be such that dist(e*^, Lq) > 0. Let SWo{xo) denote 
the Schwarz derivative of Wq at xq. Let fi^ixQ denote the Brownian bubble measure in Ap„t 
rooted at e*^°. Let £lo denote the set of curves that intersect Lq. Then 

[£l,] = -^SWoixo) + \w^{xo)\ripi) + -) - i(r(po) + -)• 
6 2 pi 2 pn 



Proof. Let zq G Sp^. The bubble measure fJ.f,ix(, equals liuiz^^xo \zg-xo\'^ ' where ^zo;xq is the 
distribution of a planar Brownian motion started from e*^° conditioned to exit Ap^ from e*^°. 
Choose xi,X2 G M such that xi < < 2:2 < xi + 27r. Then fzo;xo equals the limit of ^zo;ixi,x2) 
as xi,X2 — )• xq, where ^zo;{xi,x2) •= ^^o ["I ■^2:1,2^2]; ^zo is the distribution of a planar Brownian 
motion started from e*^°, and £xi,x2 denotes the event that the curve ends at the arc e*((xi, X2)). 
Since the Poisson kernel function in Ap,, with the pole at e*^ S T is z 1— )• 2^ (Re S{po,z/e'^^) + 

In 1 2 1 \ , 

we get 

P.o['^-i,x2] = -ir f ' Im(H(po,2o -x) + ^)dx. (7.1) 

From conformal invariance of planar Brownian motions, ¥zq[£xi.x2 \ ^Lq] is equal to the prob- 
ability of a planar Brownian motion started from VFo(e*^°) = e*(Wo(-2o)) hits dAp^ at the arc 
Wo{e^{{xi,X2))) = e^{(Wo{xi),Wo{x2)))- From (j7.ip and change of variables, we get 

¥z,[£,„,A£lo] = -:^ r\miUip^,Wo{zo)-Wo{x)) + ^^^-^)W(,{x)dx. 
Then we get an expression for ^zq;xx,x2[^Lo\ = '^zo[£lq\£xi,x2- Letting xi,X2 — )• xq, we get 



P.o;xo[^Lo] = l 



Wl^ixo) Im(H(pi, 1^0(^0) - Woixo)) + ^o{zo)-Wo{xo) ^ 



pi 



lui(H{po,zo-xo) + ^) 



P- 'x [£l ] 

Finally we compute HuIzq^xo ["o-^op" • "^^^ proof is completed by some tedious but straight- 
forward computation involving power series expansions. □ 

Lemma 7.2 For the U{t) defined in \5.29\) . we have fii^gp[CL,t] = U{t), < t < T, where CL,t 
denotes the set of loops in Ap that intersect both L and /3((0, i)). 
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Proof. For < t < T, let fit denote the Brownian bubble measure in Ap^t rooted at e*^^*\ 
The argument in [6] shows that /x^QQp[£L^t] = /g /is[{- H / 0}]cis for < t < T. From (j5.3p . 
(jS.Sp and the previous lemma, we have 

^,[{- n / 0}] = -^A5(s) + ]-A,{s)\r{pL - v{s)) + ^-—) - i(r(p - s) + -^). 

b 2 PL — v[s) 2 p — s 

The proof can now be completed by integrating the right-hand side of this formula from to t 
and using (j5.10p and that f (0) = 0. □ 

Lemma 7.3 Let m G Z. 

(i) On the event Sm n {/3 n L = 0}, U{p) is finite, 
(a) For any {pi,P2) G Vm, U{t) is uniformly bounded on [0, Tp^^pj)- 

Proof. From [6], if two sets in C have positive distance from each other, then the Brownian 
loop measure of the loops that intersect both of them is finite, (i) If £m occurs and /3 n L = 0, 
then dist(L, /3((0,p))) > 0. From Lemma and the above observation, U{p) = MloopC'^^-p] ^® 
finite, (ii) Let Cl,pi,p2 denote the set of loops in Ap that intersect both L and pi U p2- Since 
dist(L, pi U /92) > 0) we have /ijQQp[£L^p^^P2] < oo. If t < Tp^ , then />i U p2 disconnects /3((0, t]) 
from L, which means that a loop in Ap that intersects both L and /3((0,t]) must also intersect 
pi U p2. So CL,t C Cl,p^,p2- Thus, U{t), <t <T, is bounded above by pi^^p[CL,pj^,p2]- ^ 

7.2 Radon-Nikodym derivatives 

Let s G M and m G Z. Consider the following two SDEs: 

d^(t) = ^dB{t) + (3-'^)^^dt + Ai{t)A^,){pL-v{t),XL,o{t))dt, 0<t<T; (7.2) 

dm = V^dB{t)+(3-'^^^^dt + Ai{t)Ao{pL-v{t),XL,m{t))dt, 0<t<T. (7.3) 

Let the distribution of (^(t),0 < i < T) be denoted by Pl,{s) pL,m-, respectively, if (C(i))) 
< t < r, is the maximal solution of (|7.2p or (|7.3p . respectively, and ^(0) = xq. 

Suppose that (^) has distribution pL,m- From (15. (15. 7p . (j5.9p and (I5.19p . we get 

diL{t) = Ai{t)^dB{t) + Ai{tfKQ{pL - v{t),iL{t) - Re?L(t, WL{ym + pi)))dt, 0<t<T. 

Since ^L(t) = r]L{v{t)) and giit,-) = hL{v(t),-), from (I5.10[) and (15. Sp we conclude that there 
is another Brownian motion By{t) such that 

dVL{t) = y/^dB^{t) + Ao(pL - t,r]L{t) - RehL{t,WL{ym + pi)))dt, 0<t< v{T). 
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Recall that hi and 7^ are the covering annulus Loewner maps and trace of modulus pL driven 
by r]L. Thus, ^lit), <t < v{T), is a covering annulus SLE(k;Ao) trace in Ep^ started from 
Wl{£,{0)) with marked point WLiUm + pi), stopped at v{T). 

There are two possibilities. Case 1: v{T) = p^. Then ^L{t), < t < v{T) is a complete 
covering annulus SLE(k;Ao) trace. Prom the last paragraph of Section [4.21 we know that a.s. 
limt^i,(T)- lL{t) = Wiiym +pi)- Since 7L(t) = ^L{v{t)) = WL{P{v{t))), we have T = p and 
lim^^^-- /3(t) = i/m + pi, which means that the event £m occurs. Jl!ase 2: v{T) < pL- Then 
limf_j.„('r)- 7L(i) exists and lie in §p^, which implies that lim^.^.j-- (3{t) exists and lie in Sp \ L. 
This means that the solution ^(i), < t < T, can be further extended, which is a contradiction. 
So only Case 1 can happen, which implies that iJ,L,m{{T = n Sm) = 1- 

Similarly, if {(,{t)) has the distribution fJ'L,{s), then a.s. v{T) = p^, ^hif), < t < u(T), is a 
complete covering annulus SLE(k;; A^^^) trace in Sp^ started from Wl{£,{S^)) with marked point 
WL{yQ+pi), and lim^.^^^^")- iLif) exists and belongs to yQ+pi + 2Ti'L. Thus, iJ,i^(^s)i{T = p}) = 1 
and l-iL,{s)i[Jmez^rn) = 1. Since XL,m{0) = Wii^iO)) - ReWLiVm+pi), from g^l we have 

df^L,{s) " T^,^{pl,Xl^o{0)) ^ ■ ' 

Suppose (^(t)) has the distribution tJ'L,{s)- Since 7^ is the trace driven by r]L, the above 
argument shows that, 7L(t), < t < v{T), is a complete annulus SLE(k;A^5^) trace in Ap^ 
started from e* o Wl{({0)) = WL{e^^°) with marked point e* o WL{yo +P'i) = ^^(e*^""^). Since 

Wl : {Ap \ L;/3(t;"i(t))) ^-^^ {Ap^;jL{t)), we see that /3(t;~^(i)), < t < v{T), is an annulus 
SLE(k; ^{s)) trace in Ap \ L started from e*^° with marked point e*^*^"^. 

The process (Mm(t)) defined earlier will be used to derive the Radon-Nikodym derivative 
between the iiL,m defined here and the fim defined as the distribution of the solution of (j4.19p . 
Suppose that (^(t)) has distribution /i^- Then < t < p, solves the SDE: 

dC{t) = V^dB{t)+Aoip-t,Xm{t))dt, 0<t<p, ^(0) = xq, (7.5) 

Prom (I5.27P we see that Mm(i), < t < T, is a local martingale under fj,rn- 

Let (pi,/02) € Vm- Prom Propostion l6.2l (ii). Lemma rTSl fii). and Mm = A^mexp(cC/), we see 
that Mm{t) is uniformly bounded on [0, Tp^^pj)- Thus, Mmit /\Tp^^p^) is a bounded martingale, 
and we have 'E ^^[MmiTp^^p^)] = Mm(0). If we now change the distribution of (^(t)) from 
to a new probability measure v defined by dv/d^rn = MmiTp-^^p,^) / Mm{0) , then from Girsanov's 
Theorem and ()5.27p we see that the current £,{t) satisfies SDE (|7.3p for < i < Tp^^p^. Thus, 
on the event {Tp^^p^ = p}, /iL,m ^ /^mi and the Radon-Nikodym derivative between the two 
measures restricted to the event {Tp-^^p^ = p} is Mm{p) / Mm{^) ■ Prom Proposition l6.2f i). Lemma 
(jOOj) and Mm = Nmexp{cU), we see that Mm{p) = Cp,L exp(c So 

dfiL,m/dfJ.m = Cp^Leyip{cU{p))/Mm{0) on {Tp^,p2=p}- (7.6) 



30 



Suppose £rn. occurs Emd T = p. Then /3 n L = 0. Since f3 starts from xq, we can find 
(pi) /O2) G 'Pm such that /3 n (pi U P2) = 0, which imphes that Tp^^p^ = p. Thus, 

£„,n{T = p}c U {Tp,,p,=p}. (7.7) 

(Pl,P2)e7'm 

Since fimi£m) = 1 and "Pm is countable, from (|7.6p and (|7.7p we see that d^L,m/ d^m = 
Cp^i:,exp(cC/(p))/Mm(0) on {T = p}. Since ^L,m{{T = p}) = 1, from (|5.30p and Lemma 
17.21 we know that 

^ = ]V^l{/3nZ=0}«-P(^^loop[^^,p])> (7-8) 

where Cl,p is the set of loops in Ap that intersect both L and /3((0,p)). 
Let s G M. Now we compare /x^^) with AtL,(s)- Define 

=r(.)(p-t,Xo(t)), YL,^,^{t)=Ti^,^{pL-v{t),XLfl{t)). 

Define M^^^ using (j5.26p with Ym and l^.m replaced by y^^^ and yL,(s)) respectively, and Ai^m 
replaced by Ai^. 

Since ^(t, •) has progressive period (27r; 27r), from (|5.6p we have qmif) = 'Zol*) + 2m7r. Since 
Vl^(t, •) has progressive period (27r;27r), from (jS.Sp we have = ^7',o- Thus, 

M^(o) ro(pL,Xi,™(o))/ro(p,x„(o)) 



(0) r^,) {pL ,XL,om /^(s) (p, ^0 (0) ) ■ 

Since Xm.{0) = xo — ym, from (14.22p . (17.4p . ()7.8p and the above formula, we get 



L{/3nL=0} exp(c^iQQp[/:L,p]). 



Recall that when (^(t)) has distribution /U^^^, /3(i), < t < is an annulus SLE(k; A^^^) trace 
in Ap started from zq = e*^° with marked point wq = e*^''"^. When (^(i)) has distribution 
fJ'L,{s)i a time change of /3: I3{v~^{t)), <t < v~^{T), is an annulus SLE(k; A^^^) trace in Ap\L 
started from zq with marked point wq. So we finish the proof of Theorem ll.il 



8 Other Results 

8.1 Restriction in a simply connected subdomain 

We now give a sketch of the proof of Theorem 11.21 Let p > 0, k G (0, 4], s € M £ T, S Tp, 
and the set L be as in Theorem II. 1[ Choose xo,yo £ ^ such that zq = e*^° and wq = e*^°~P. 
Let Um = yo + 2m7r, m E Z. Let L = (e*)~^(L). Then Sp \ L is a disjoint union of simply 
connected domains Dm, m G Z, such that Dm = Dq + 2rmr for m G Z. We label one of the 
domains -Dq such that xq G ODq. There is a unique mo G Z such that +pi G ODq. We have 
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e* : Dq Ap\L. Let Jq be the component of Tp \ L that contains f^o- We may find such 
that Wl ■ (Ap \ L; Jq) (8^; ^n)- Let Wl = Wl o e\ and Jq be a component of Mp \ L that 

~ ~ Conf 

contains ymo +pi- Then Wl ■ (Ai; Jq) 

Let^^(t), g{t,-), g{t,-), Pit), P{t), < t < p, and T e{0,p] be as in Section EH _Now we 
define ^lit) = = ^L(^(i)), < t < T. Then is a simple curve with /3(0) G M 

and /3((0,p)) C S^. Let v(t) be the capacity of /3L((0,t]) in §^ w.r.t. for < t < T. Let 
5 = supt; ([0,r)), and 7L(t) = < t < S. Then 71, is the strip Loewner trace 

driven by some ijl S ^([0, S)). 

Let hiit,-), < t < S, be the strip Loewner maps driven by rji. Define = 
and 5L(t,-) = hL{v{t),-)- Define gL,w(t,-) and •) using ([53]). Then ([521) and hold 
with PL — v{t) replaced by tt. From (|3.9p we see that (15. 4|) and (15. Sh hold. 

For m G Z, define and qL,m{t) using (j5.6p and (|5.7p w\th.pL—v{t) replaced by vr. Define 

Aj{t) and ^/^^(i) using (j5.8p . Define Xm{t) and Xi^mit) using (j5.9p . A standard argument 
shows that (jS.lOp holds here. So ()5.1ip holds with tl{pL — ^{t), •) replaced by coth2. Now ()5.12p 
and (I533|) stih hold here. From ([321) and i^B) we see that (lETil) . (lETSl) and (l536|) hold here 
with H/(pi — ^(i), •) replaced by tanh2. 

By differentiating W{t, •) og(t, z) = z) w.r.t. t and z, and letting w = g{t, z) — )• ^(t), 

we conclude that (j5.17p holds here, and (jS.lSp holds with r{pL — v{t)) replaced by i, which 
comes from the power series expansion: coth2(2;) = f + f + O(z^) when z is near 0. Then 
([5T9]1 and (lOOjl stiU hold here; (fOT]) holds with Ui{pL-v{t), •) replaced by tanh2; and (|5:22]) 
should be modified with | in place of r{pL — v{t)). 

Define Ym{t) using (l^j^ . but define yL,m(t) := roo(i'(t), ^^^^(t)). Since Fq solves (|nT]l 
and f oo solves (|CT7D . using (I^TUj) . ([^20]), and the modified (15TB and (1^:^ we find that HjUTM 
still holds, and (j5.25p holds with H/(pj^ — v{t), •) and Ao(pl — "^(i), •) replaced by replaced by 
tanh2 and kT'^/T^ = (f ~ 3)tanh2, respectively. 

Define using dSSSD with Q "^'^ r(s)(is replaced by a J^_,r{s)ds-^v{-). Using ([510]) , 
(I5T9]1 . (ICTD . and the modified (|5T^ . dOT]) . ([5:22]) . and (lOSjl . we find that dOT]) holds here 
with Aq{pl — v{t), ■) replaced by — 3) tanh2. We may write Mm = Nm exp(c U), where 

Nr. = ^f,„^ exp ((a + |) ( £ (r(,) + 1) * - ^) - « £ \<ls) ; 

CI = -l^A,W& + l„-i£ (r(,) + l)&. 

To get estimations on Nm{t)-, we do some rescaling. Let p, T, i, and (3 be as 

defined in the first paragraph of Section [5. 2[ Then (|5.30p holds here. From (j2.10p . we see that 
(j5.32p holds if Phif) is replaced by p and pl — v{t) is replaced by p. Define ^{t), Qmii), and 
Xmit) using (|5.33p : define ^l, qL,m, and Xi^m using (j5.34l ) with the factors removed. 
Define g{t, •) and 5l,vi/(*) ■) using (|5.35p with the factor removed. Then ()5.36p holds here 
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and (fOTj) holds if "S^ \ j(/3((0, t]) + 2pZ) U L);M^" is replaced by ''Do \ /3((0,t]); Jo", where 
Do ■= £L>o and Jq := fjo- Define W{t,-), Ai{t), and using (fOHD and (fOOD . Then 

(j5.4ip still holds, (|5.42p holds with PL{t) replaced by vr, and (15.40|) should be replaced by 

W{t, ■) : {Do,t; Jo,t) (S7r;K7r), where Do,t ■= g{t,Do) and Jo,t := g{t, Jq). 

Let v{t) = v{i). Define Ym{t) using (fOHD . but define YL,,„(t) = foo(w(t), Then 
(j5.44p holds with PLit) replaced by vr. Define Nm on [0, T) such that 



= j ^?,^yi,^y-^ exp ^{a + 2 ) ( y„ ^(^)^^ - 6 

From the modified ([532]), (102]) and (fOIj) . we find that ([05]) holds here. Prom ([Ll]), i^Mj, 
(fO]) . (liT2]) . (|iTi]) . (liT6]l . and the modified ([OS]) , we see that 

iVm = Cp^5*A^^„,r<;(p + •,X™)-^exp [-a I tanh2{s)ds + {a + -)R(p + 

where := (fr exp(-(a + §)(R(i?) + f)). 

Let m € Z, be as in Section [6j Since f3{t) stays inside Dq before time T, we see that 
{T = oo} r\Sm = for m S Z\ {mo}. Suppose that {T = oo} n^mo occurs. An argument using 
extremal length shows that dist({^(t), qm{t) + vri}, (Stt U Mtt) \ -C'o,*) — )• oo as t — )• oo. Applying 
Proposition 16.31 and Proposition 16. 4^ we find that Proposition 16.11 (i) holds here with m = mo 
and Cp^L replaced by Cp. 

Let Vm denote the family of pairs of disjoint polygonal crosscuts {pi,p2) in -Do such that, 
i) for j = 1, 2, the two end points of pj lie on M and Mtt, respectively; ii) for j = 1, 2, the line 
segments of pj are parallel to x or y axes, and all vertices other than the end points have rational 
coordinates; and iii) dist(/9iU/92, ODq) > and piUp2 disconnect xo and ym + T^i from dDo in §7^- 
For each {pi, P2) G 'Pm, define Tp^.pj to be the biggest time such that /3((0, Tp-^^^p^))ri{piU P2) = 0. 
Applying Lemma 16.41 Lemma 16.51 and Lemma 16.61 we find that Proposition 16.11 (ii) holds here. 
We define Vm as in Section [6l Then Proposition 16.21 holds here with with m = mo and Cp^i 
replaced by Cp. 

Following the argument of Lemma 17.11 and Lemma 17. 2^ we can show that U (t) equals the 
Brownian loop measure of the loops in Ap that intersect both L and /3((0,t)). Here we use the 
fact that — ^ Imcoth2(- — x) is the Poisson kernel in with the pole at x G R. 

Let pL,m denote the distribution of (■^(i)) if (,{t), < t < T, is the maximal solution of 
()7.3p with — 3)tanh2 in place of Ao(pl — '^{'t), •), and satisfies ^(0) = xq. Suppose (^(t)) has 
distribution pL,mo- From (jS.lOp we conclude that ^^{t) = WL{(3{t)), < t <T,is a time-change 
of strip SLE(«;; k — 6) trace in started from WLie^^°) with marked point Wi:,(e~^"'"*^'"o). Thus, 
under this distribution, /3 is a time-change of a chordal SLE(k) trace in Ap\L from zo = e*^° to 
'u;o = e"^"*"*^". Let pm denote the distribution of the maximal solution of (|4.19p . or equivalently 
()7.5p . Using the argument in Section 17.21 Girsanov's theorem, and the modified ()5.27p and 
Proposition 16.21 we conclude that for some constant > 0, 

dpL,mo l/3nL=0 , tr ]\ ro T\ 

-J- = ^ exp(c/ii (8.1) 
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Let s G M. If the distribution of {£,{t)) is the /i^^^ in Section 14.21 then /3 is an annulus 
SLE(k; ^{s)) trace in Ap started from zq = e*^'" with marked point wq = e~^+**^". Since {/SOL = 
0} n £m = for m S Z \ {mo}, from (j4.22p we see that (|8.ip holds with fimo replaced by ^u^^^ 
and replaced by some other Z^^^ > 0. This finishes the sketch of the proof of Theorem 11.21 

8.2 Multiple SLE crossing an annulus 

Fix K, € (0, 4] and p > 0. Let n € N and n > 2. Let zi, . . . ,Zn be n distinct points that lie on 
T in the counterclockwise direction. Let wi,. . . ,Wn be n distinct points that lie on Tp in the 
counterclockwise direction. Let z = {zi, . . . , Zn) and w = {wi, . . . , Wn)- Let Q denote the set of 
(/3i, . . . , /3n) such that each /3j is a crosscut in Ap that connects Zj and Wj, and the n curves are 
mutually disjoint. 

Definition 8.1 A random n-tuple (/3i, . . . ,(3n) with values in Q is called a multiple SLE{k) in 
Ap from z to w if for any j £ {1, . . . ,n}, conditioned on all other n—1 curves, (3j is a chordal 
SLE[k) trace from Zj to wj that grows in Dj, which is the subregion in Ap bounded by /3j-i and 
l^j+i (1^0 = Pn CLnd /3n+i = (^i) that has Zj and wj as its boundary points. 

Theorem 8.1 Let si, . . . , G M. For j = 1, . . . ,n, let i/j denote the distribution of the annulus 
SLE{k; Ai^.(^g trace in Ap started from Zj with marked point wj. Define a joint distribution 
u^' o/(/3i^'.,/3„) by 

Tin = exp c l^loop((^>^) 

i ii=l s=2 

where iSdisj is the event that (3j, 1 < j < n, are mutually disjoint; C>s is the set of loops in Ap 
that intersect at least s curves among f3j, I < j < n; and Z > is a constant. Then is the 
distribution of a multiple SLE[k) in Ap from z to w. 

Proof. Suppose for 1 < j < n, /3j is a crosscut in Ap connecting zj with wj. Fix j £ {1, . . . , n}. 
Let C-h,], (resp. Cif^) denotes the set of loops in Ap that intersect at least s curves among /3k, 
k / j, and intersect (resp. do not intersect) Then C>s = ^^^s^^'yg-i- Let Ci^^ = £'^^U>C^^. 
Then Cl,^ depends only on k / j. Since C-if^ = 0, we have 



n—1 n—1 



H^loop('^>^) - X]^loop('^>°) + m^%op('^>l) - ^loop(^>i) + X]/^loop(^' 

s=2 s=2 s=l s=2 



Let ifjjgj denote the event that k ^ j, are mutually disjoint. When iS^j^j occurs, let 
Dj be the simply connected subdomain of Ap as in Definition 18.11 Let Lj = Ap \ Dj. Then 
"^disj = "^disj 1^ {/^i 1^ — Thus, we may rewrite the righthand side of (j8.2p as 

^ exp (c2^^ioop(£^>J + c^loop(£^^Jj = Ca{/3,.nL,=0} exp(c ^qoQp(£^^^)), 

s=2 
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where = . 6xp(c ^"^2 /^loop('^>s)) measurable w.r.t. the fj-algebra generated by 

Pk, k j. Let denote the conditional distribution of Pj when . . . ,/3.„) ~ u^^ and all 
f3k other than /3j are given. The above argument shows that the conditional Randon-Nikodym 
derivative between ^ and vj is C*l{^^.nLj=0} exp(c ^j^^p {Ci;\)). Note that Ci;\ is the set of 
all loops in Ap that intersect both (3j and Lj. From Theorem 11.21 we conclude that Uj'^ is the 
distribution of a time-change of a chordal SLE(k) trace in Ap \ Lj = Dj from Zj to wj. □ 

Choose Xj,yj G M such that Zj = e^^^ , wj = e*^^~^, 1 < i < n, zi < 2:2 < • • • < < -Zi + 27r, 
and < t(;2 < • • • < ifn < if^i + 27r. For each m G Z, let denote the set of . . . , f3n) G ^ 
such that for each j, (e*)~^(/3j) has a component that connects Xj with yj + 2m7r + Then Q 
is the disjoint union of Gm^s. Let z^*^ be given by Theorem 18. H and let = u'^^HQm], m G Z. 
Then each is also the distribution of a multiple SLE(k) in Ap from z to w, and the same is 
true for any convex combination of f^'s. In fact, the converse is also true. 

Proposition 8.1 If i' is the distribution of a multiple SLE{k) in Ap from z to w, then v is 
some convex combination of , m£'L. 

Proof. Define another probability measure v* by ^ = exp ^ — c X]s=2 A'loop^'^^*)) ' "^^^^re 
Z > is a normalization constant. From the proof of Theorem l8.ll we see that, if (/3i, ...,/?„,) ~ 
u* ^ then for any j, conditioning on the other n — 1 curves, 13 j has the distribution of an annulus 
SLE(k; A^^ .^) trace in Ap from Zj to Wj conditioned to avoid other curves. 

Let A denote the set of (Oi, . . . , ri„) such that each VLj is a subdomain of Ap bounded 
by two crosscuts crossing Ap, and the Vtj^s are mutually disjoint. Let Sq,. denote the event 
that the curve stays within Let /i = '^*['| 11^=1 '^f^jl- Ftom the property of z^*, we see 
that, if . . . ,/3n) ~ then for any j, conditioning on the other n — 1 curves, /3j has the 
distribution of an annulus SLE(k; A^j,^,^) trace in Ap from Zj to Wj conditioned to stay inside 

Thus, li = nj=i This implies that v* = C(ili, . . . , r2„) nj=i Wj=i 

some positive constant C(ili, . . . , ^n)- 

Decompose A into Am-, m £ Z, such that Am is the set of all {fli, . . . , £ A such that there 
exists . . . , Pn) £ Gm with /3j G Oj, 1 < j < n. Fix m G Z and {fli, . . . , {Cl'i, . . . , il^) G 
Then fjiSn, n 5o' ) > for each j. Thus, Ff?-! S^. n Ff?-! '5o' is a positive event 
under Y\ ^j- So we must have C(i7i, . . . , iln) = C{Q.'i, . . . , ^2^). This means that the function 
C{VLi, . . . is constant, say Cm-, on each Am- For m G Z, we may find countably many 
(fii, . . . G Am such that the events 11^=1 '^f^j cover Qm- Thus, v* = Cm 11^=1 ^3 
for each m G Z, which implies that z^[-|^m] = fo'^ each m £ 'L. Since u is supported by 
Q = [Jmez Sm, the proof is finished. □ 

Remarks. 

1. Theorem 18.11 extends the main result in [3] which states that, if Ap is replaced by a simply 
connected domain D, if zi, . . . , Zn, Wn, ■ ■ ■ ,wi are 2n distinct points that lie on dD in the 
counterclockwise direction, if i/j is the distribution of a chordal SLE(k) trace in D from 
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Zj to Wj, and if (/3i, . . . has joint distribution i/^^ which is defined by (|8.2p . then for 
any 1 < j < n, conditioning on the other n — 1 curves, (3j is a time-change of a chordal 
SLE(k) trace from zj to Wj that grows in the component of D\ Ufc^j /^fc whose boundary 
contains Zj and Wj. In fact, for the . . . ,/3„) in Theorem 18.11 if we condition on one 
of the curves, say /3„,, then the conditional joint distribution of the rest of the curves 
Pi, ... , (3n-i agrees with the joint distribution given by [3] with D = Ap \ /3i. 

2. Since Gm^s are mutually disjoint. Proposition 18.11 implies that for each m G Z, does 
not depend on the choice of si,...,Sn- In fact, if we define another multiple SLE(k) 
distribution z^^^ using s'^, . . . , G M, then there is a constant Z > such that for each 

m E Z, ^^jj = e « "-^ j ^ J-" on Q^- Moreover, since each fij satisfies reversibility, we 
see that z^*^ and should also satisfy reversibility. 

3. In the case n = 2, if we let the inner circle shrink to 0, it is expected that the two curves 
tend to the two arms of a two-sided radial SLE(«;). The two-sided radial SLE(k) (k < 4) 
generates two simple curves in D, which connect with two different points on T, and 
intersect only at 0. The union of the two arms can be understood as a chordal SLE(k) 
trace connecting the two boundary points, conditioned to pass through 0. Thus, the 
knowledge on multiple SLE(k) with n = 2 can be used to study the microscopic behavior 
of an SLE trace near a typical point on the trace. 
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